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Complex reflection groups

A finite reflection group on K is a finite subgroup of GLx(V) (V a finite

dimensional K-vector space) generated by pseudo-reflections, i.e., linear maps
whose vector space of fixed points is a hyperplane.
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Complex reflection groups

A finite reflection group on K is a finite subgroup of GLx(V) (V a finite

dimensional K-vector space) generated by pseudo-reflections, i.e., linear maps
whose vector space of fixed points is a hyperplane.

@ A finite reflection group on Q is called a Weyl group.
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Complex reflection groups

A finite reflection group on K is a finite subgroup of GLx(V) (V a finite

dimensional K-vector space) generated by pseudo-reflections, i.e., linear maps
whose vector space of fixed points is a hyperplane.

@ A finite reflection group on Q is called a Weyl group.

@ A finite reflection group on R is called a (finite) Coxeter group.
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Complex reflection groups

A finite reflection group on K is a finite subgroup of GLx(V) (V a finite

dimensional K-vector space) generated by pseudo-reflections, i.e., linear maps
whose vector space of fixed points is a hyperplane.

@ A finite reflection group on Q is called a Weyl group.
@ A finite reflection group on R is called a (finite) Coxeter group.

@ A finite reflection group on C is called a complex reflection group.
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The complex reflection groups were classified by Shephard and Todd in 1954. If
W is an (irreducible) complex reflection group, then
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The complex reflection groups were classified by Shephard and Todd in 1954. If
W is an (irreducible) complex reflection group, then

@ either there exist positive integers d, e, r such that W is isomorphic to
G(de, e, r), where G(de, e, r) is the group of all r x r monomial matrices
with non-zero entries in pg4e and product of the non-zero entries in pg,
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The complex reflection groups were classified by Shephard and Todd in 1954. If
W is an (irreducible) complex reflection group, then

@ either there exist positive integers d, e, r such that W is isomorphic to
G(de, e, r), where G(de, e, r) is the group of all r x r monomial matrices
with non-zero entries in pg4e and product of the non-zero entries in pg,

@ or W is isomorphic to an exceptional group G, (n=4,...,37).
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Generic Hecke algebras
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Generic Hecke algebras

@ Every complex reflection group W has an Coxeter-like presentation :
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Generic Hecke algebras
@ Every complex reflection group W has an Coxeter-like presentation :
Gy =< s, t|ststst = tststs, s> = t> =1 >,

Gy =< s, t|sts=tst, s> =t3=1>,
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Generic Hecke algebras
@ Every complex reflection group W has an Coxeter-like presentation :
Gy =< s, t|ststst = tststs, s> = t> =1 >,

Gy =< s, t|sts=tst, s> =t3=1>,

and a field of realization K:
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Generic Hecke algebras
@ Every complex reflection group W has an Coxeter-like presentation :
Gy =< s, t|ststst = tststs, s> = t> =1 >,

Gy =< s, t|sts=tst, s> =t3=1>,

and a field of realization K:

KGz = Qa KG4 = Q(C3)
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Generic Hecke algebras

@ Every complex reflection group W has an Coxeter-like presentation :
Gy =< s, t|ststst = tststs, s> = t> =1 >,
Gy =< s, t|sts=tst, s> =t3=1>,

and a field of realization K:

KGz = @7 KG4 = Q(<3)

@ We choose a set of indeterminates u = (usj)s o<j<o(s)—1, Where s runs over
the set of generators of W and o(s) denotes the order of s (if s and t are
conjugate in W, then usj = u,; for all j).
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Generic Hecke algebras

@ Every complex reflection group W has an Coxeter-like presentation :
Gy =< s, t|ststst = tststs, s> = t> =1 >,
Gy =< s, t|sts=tst, s> =t3=1>,
and a field of realization K:
Ke, = Q, Ke, = Q(G).

@ We choose a set of indeterminates u = (usj)s o<j<o(s)—1, Where s runs over
the set of generators of W and o(s) denotes the order of s (if s and t are
conjugate in W, then usj = u,; for all j).

@ The associated generic Hecke algebra H(W) is an algebra over the Laurent
polynomial ring Z[u,u~!] and has a presentation of the form:
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Generic Hecke algebras

@ Every complex reflection group W has an Coxeter-like presentation :
Gy =< s, t|ststst = tststs, s> = t> =1 >,
Gy =< s, t|sts=tst, s> =t3=1>,
and a field of realization K:
Ke, = Q, Ke, = Q(¢3)-

@ We choose a set of indeterminates u = (usj)s o<j<o(s)—1, Where s runs over
the set of generators of W and o(s) denotes the order of s (if s and t are
conjugate in W, then us; = u,j for all j).

@ The associated generic Hecke algebra H(W) is an algebra over the Laurent
polynomial ring Z[u,u~!] and has a presentation of the form:

H(Gy) =< S, T|STSTST = TSTSTS, (S — to)(S — 1) = 0,
(T — W())(T — Wl) =0>,
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Generic Hecke algebras

@ Every complex reflection group W has an Coxeter-like presentation :
Gy =< s, t|ststst = tststs, s> = t> =1 >,
Gy =< s, t|sts=tst, s> =t3=1>,
and a field of realization K:
Ke, = Q, Ke, = Q(¢3)-

@ We choose a set of indeterminates u = (usj)s o<j<o(s)—1, Where s runs over
the set of generators of W and o(s) denotes the order of s (if s and t are
conjugate in W, then usj = u,; for all j).

@ The associated generic Hecke algebra H(W) is an algebra over the Laurent
polynomial ring Z[u,u~!] and has a presentation of the form:
H(Gy) =< S, T|STSTST = TSTSTS, (S — u)(S—w) =0,
(T — W())(T — Wl) =0>,

H(Gy) =< S, T|STS = TST, (S — uo)(S —u1)(S—uwp) =0,
(T—uo)(T—wu)(T—w2)=0>.
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Remark: The specialization ug j — ({;(5) sends H(W) to Zx W.
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Remark: The specialization ug j — ({;(s) sends H(W) to Zx W.

Theorem (Malle)

Let v = (vsj)s,j be a set of indeterminates such that, for all s, j, we have

(K =i
Vs,j T o(s)usd’

where p(K) is the group of all the roots of unity in K. Then the K(v)-algebra
K(v)H(W) is split semisimple.
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Remark: The specialization ug j — ({;(s) sends H(W) to ZxW.

Theorem (Malle)

Let v = (vsj)s,j be a set of indeterminates such that, for all s, j, we have

(K =i
Vs,j T o(s)usd’

where p(K) is the group of all the roots of unity in K. Then the K(v)-algebra
K(v)H(W) is split semisimple.

By “Tits' deformation theorem”, the specialization v, ; — 1 induces a bijection

Ir(K(v)H(W)) < TIrr(W)
Xv = X
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form t. We

have that 1
Z S_X‘”
x€EIrr(W) ~X

t

where s, is the Schur element associated to x, € Irr(K(v)H(W)).
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form t. We

have that 1
t= — Xvy
> X

xElrr(W) X

where s, is the Schur element associated to x, € Irr(K(v)H(W)).

Theorem (C.)

Let x € Irr(W). The Schur element s, is an element of Zk[v,v '] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form t. We

have that 1
t= —— Xwv»
D, X
xElrr(W)

where s, is the Schur element associated to x, € Irr(K(v)H(W)).

Theorem (C.)

Let x € Irr(W). The Schur element s, is an element of Zk[v,v '] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form t. We

have that 1
t= —— Xwv»
D, X
xElrr(W)

where s, is the Schur element associated to x, € Irr(K(v)H(W)).

Theorem (C.)

Let x € Irr(W). The Schur element s, is an element of Zk[v,v '] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where

@ V is a K-cyclotomic polynomial in one variable,
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form t. We

have that 1
t= —— Xwv»
D, X
xElrr(W)

where s, is the Schur element associated to x, € Irr(K(v)H(W)).

Theorem (C.)

Let x € Irr(W). The Schur element s, is an element of Zk[v,v '] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where

@ V is a K-cyclotomic polynomial in one variable,

@ M is a primitive monomial of degree 0,
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Generic Schur elements

The generic Hecke algebra is endowed with a canonical symmetrizing form t. We

have that 1
t= —— Xwv»
D, X
xElrr(W)

where s, is the Schur element associated to x, € Irr(K(v)H(W)).

Theorem (C.)

Let x € Irr(W). The Schur element s, is an element of Zk[v,v '] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where

@ V is a K-cyclotomic polynomial in one variable,

@ M is a primitive monomial of degree 0, i.e., if M = HSJ vsaj’ then
ged(as) =1and 3 ;a5 =0.
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Schur elements of G, : X3 := up, X? := —u1, Y :=wo, Y := —wy.

s1= Da(Xo X ) - Da(Yo YT ) - da(Xo Yo X 1Y) - d6(Xo Yo X 1Y)

S = 2-X2X5 2 - d3(XoYoX YY) (X YaX T YY)

Du(x) =x2+1, O3(x)=x2+x+1, Pg(x)=x%>—x+1.
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v~!] — Zk[y,y ] of the form:

¢ Vvsj— y™i where ngj € Z for all s and j.
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v~!] — Zk[y,y ] of the form:

¢ Vvsj— y™i where ngj € Z for all s and j.

The corresponding cyclotomic Hecke algebra H, is the Zk[y, y ~']-algebra
obtained as the specialization of H(W) via the morphism ¢.
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v~!] — Zk[y,y ] of the form:

¢ Vvsj— y™i where ngj € Z for all s and j.

The corresponding cyclotomic Hecke algebra H, is the Zk[y, y ~']-algebra
obtained as the specialization of H(W) via the morphism ¢.

If g := y!#(¥)I then the morphism ¢ can be also described as follows:

. . J nsj
¢ . US,J — O(S)q s.J
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v~!] — Zk[y,y ] of the form:

¢ Vvsj— y™i where ngj € Z for all s and j.

The corresponding cyclotomic Hecke algebra H, is the Zk[y, y ~']-algebra
obtained as the specialization of H (W) via the morphism ¢.

If g := yl#(9I then the morphism ¢ can be also described as follows:

. . J nsj
¢ . US’J — O(S)q s.J

Proposition (C.)
The algebra K(y)H, is split semisimple.

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g November 29, 2008 8 /27



By “Tits' deformation theorem”, we obtain that the specialization v j — 1
induces the following bijections :

Ir(K(V)H) < Ir(K(y)He) < Irr(W)
Xv = Xo = X
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By “Tits' deformation theorem”, we obtain that the specialization v j — 1
induces the following bijections :

Ir(K(V)H) < Ir(K(y)He) < Irr(W)
Xv = X¢ = X

The Schur element s, (y) associated to the irreducible character x4 of K(y)Hy
is a Laurent polynomial in y of the form

S (V) = Uy, y ™ [ @)™,
deCk

where ¥, € Zk, ay, € Z, ny, ¢ € N and Ck is a set of K-cyclotomic
polynomials.
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Rouquier blocks of H,

The Rouquier blocks of the cyclotomic Hecke algebra Hg are the blocks of the
algebra Rk (y)Hg, where

Ri(y) = Zrly,y ™ (y" — 1)741]
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Rouquier blocks of H,

The Rouquier blocks of the cyclotomic Hecke algebra Hg are the blocks of the

algebra Rk (y)Hg, where

R(y) = Zkly,y ™, (y" — 1),24]
i.e., the partition RB(Hg) of Irr(W) minimal for the property:

For all B € RB(H,) and h € Hy, Z Xo(h) € Ri(y)-

S
X€EB X ¢
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Rouquier blocks of H,

The Rouquier blocks of the cyclotomic Hecke algebra Hg are the blocks of the

algebra Rk (y)Hg, where

R(y) = Zkly,y ™, (y" — 1),24]
i.e., the partition RB(Hg) of Irr(W) minimal for the property:

For all B € RB(H,) and h € Hy, Z Xo(h) € Ri(y)-

S
X€EB X ¢

W Weyl group : Rouquier blocks = families of characters
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Rouquier blocks of H,

The Rouquier blocks of the cyclotomic Hecke algebra Hg are the blocks of the
algebra Rk (y)Hg, where

R(y) = Zkly,y ™, (y" — 1),24]
i.e., the partition RB(Hg) of Irr(W) minimal for the property:

For all B € RB(H,) and h € Hy, Z Xo(h) € Ri(y)-

S
X€EB X

W Weyl group : Rouquier blocks = families of characters

W c.r.g. (non-Weyl) : Rouquier blocks = “families of characters”
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Essential monomials and essential hyperplanes

Let p be a prime ideal of Zg.
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Essential monomials and essential hyperplanes

Let p be a prime ideal of Zg.

A primitive monomial M in Z[v,v~!] is called p-essential for W if there exist an
irreducible character x of W and a K-cyclotomic polynomial W such that
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Essential monomials and essential hyperplanes

Let p be a prime ideal of Zg.

A primitive monomial M in Z[v,v~!] is called p-essential for W if there exist an
irreducible character x of W and a K-cyclotomic polynomial W such that

Q V(M) divides s, (v)
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Essential monomials and essential hyperplanes

Let p be a prime ideal of Zg.

A primitive monomial M in Z[v,v~!] is called p-essential for W if there exist an
irreducible character x of W and a K-cyclotomic polynomial W such that

Q V(M) divides s, (v)
Q V(1) ep.
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Essential monomials and essential hyperplanes

Let p be a prime ideal of Zg.

A primitive monomial M in Z[v,v~!] is called p-essential for W if there exist an
irreducible character x of W and a K-cyclotomic polynomial W such that

Q V(M) divides s, (v)
Q V(1) ep.

A primitive monomial M is called essential for W if it is p-essential for some
prime ideal p of Zg.
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Schur elements of G, : 2-essential in , 3-essential in

s1= Gg(Xo X ) - Da(Yo YT ) - Da(Xo Yo X 1Y) - de(Xo YoX 1Y)

S5 = 2- X2X5 2 - D3 (XoYoX 1Y) - 06 (X YaX YY)

Du(x) =x2+1, O3(x)=x2+x+1, Pg(x)=x*>—x+1.
du(1) =2, d5(1) =3, dg(1) = 1.
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Let ¢ : vsj — y™J be a cyclotomic specialization and let M =[] v be an

X . EN N
essential monomial for W.
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as,j

Let ¢ : vsj +— y™ be a cyclotomic specialization and let M =[] be an

essential monomial for W. We have

%

LN RN

$(M) =14 agn.;=0.

s.J
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as,j

Let ¢ : vsj +— y™ be a cyclotomic specialization and let M =[] be an

essential monomial for W. We have

$(M) =14 agn.;=0.

s.J

%

LN RN

The hyperplane ZSJ- as jtsj = 0 is called an essential hyperplane for W.
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Let ¢ : vsj > y™ be a cyclotomic specialization and let M =[], ; v>*/ be an

EN RN
essential monomial for W. We have

$(M) =14 agn.;=0.

s.J

The hyperplane ZSJ- as jtsj = 0 is called an essential hyperplane for W.

@ If the integers ns; belong to no essential hyperplane, then the Rouquier
blocks of Hy are called Rouquier blocks associated with no essential
hyperplane.
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Let ¢ : vsj > y™ be a cyclotomic specialization and let M =[], ; v>*/ be an

EN RN
essential monomial for W. We have

$(M) =14 agn.;=0.
s

The hyperplane Zsj as jtsj = 0 is called an essential hyperplane for W.

@ If the integers ns; belong to no essential hyperplane, then the Rouquier
blocks of Hy are called Rouquier blocks associated with no essential
hyperplane.

@ If the integers n,; belong to exactly one essential hyperplane H, then the
Rouquier blocks of H, are called Rouquier blocks associated with the
essential hyperplane H.

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g November 29, 2008 13 /27



Let ¢ : vsj — y™ be a cyclotomic specialization and let M = []_  v_*/ be an

EN RN
essential monomial for W. We have

¢(M) =1 Zas,jnsd- =0.

s
The hyperplane Zs)j as jtsj = 0 is called an essential hyperplane for W.

@ If the integers ns; belong to no essential hyperplane, then the Rouquier
blocks of Hy are called Rouquier blocks associated with no essential
hyperplane.

@ If the integers n,; belong to exactly one essential hyperplane H, then the
Rouquier blocks of H, are called Rouquier blocks associated with the
essential hyperplane H.

Let ¢ : vsj — y"™ be a cyclotomic specialization. The Rouquier blocks of H is
a partition generated by the Rouquier blocks associated with the essential
hyperplanes that the ns ; belong to.
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Combinatorics

Let A = (A1, A2, ..., Ap) be a partition, i.e., a finite decreasing sequence of
positive integers:
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Combinatorics

Let A = (A1, A2, ..., Ap) be a partition, i.e., a finite decreasing sequence of
positive integers:

AM>X> > > 1

The integer |A| := A1+ X2+ ...+ Ay is called the size of A\. We also say that X is
a partition of |A|.
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Combinatorics

Let A = (A1, A2, ..., Ap) be a partition, i.e., a finite decreasing sequence of
positive integers:

AM>X> > > 1

The integer |A| := A1+ X2+ ...+ Ay is called the size of A\. We also say that X is
a partition of |A|. The integer h is called the height of A and we set hy := h.
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Combinatorics

Let A = (A1, A2, ..., Ap) be a partition, i.e., a finite decreasing sequence of
positive integers:

AM>X> > > 1

The integer |A| := A1+ X2+ ...+ Ay is called the size of A\. We also say that X is
a partition of |A|. The integer h is called the height of A and we set hy := h.

To each partition A we associate its 3-number, 8\ = (01, B2, - .., Bn), defined by

51 ZZh—‘r)\]_—].,ﬂz Z:h—|—)\2—2,...,ﬁhizh+Ah—h.
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Combinatorics

Let A = (A1, A2, ..., Ap) be a partition, i.e., a finite decreasing sequence of
positive integers:

AM>X> > > 1

The integer |A| := A1+ X2+ ...+ Ay is called the size of A\. We also say that X is
a partition of |A|. The integer h is called the height of A and we set hy := h.

To each partition A we associate its 3-number, 8\ = (01, B2, - .., Bn), defined by

51 ZZh—‘r)\]_—].,ﬂz Z:h—|—)\2—2,...,ﬁhizh+Ah—h.

Example: If A = (4,2,2,1), then 8\ = (7,4,3,1).
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Combinatorics

Let A = (A1, A2, ..., Ap) be a partition, i.e., a finite decreasing sequence of
positive integers:

M2 2 2> 1

The integer |A| := A1+ X2+ ...+ Ay is called the size of A\. We also say that X is
a partition of |A|. The integer h is called the height of A and we set hy := h.

To each partition A we associate its 3-number, 8\ = (01, B2, - .., Bn), defined by
Bi=h+X—10:=h+X—2,....8h:=h+Xy— h.

Example: If A = (4,2,2,1), then 8\ = (7,4,3,1).

Let m € N. The m-shifted g-number of X is the sequence of numbers defined by

Balml=(Br+mBat+m,....0h+mm—1m—2,...,10).
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Combinatorics

Let A = (A1, A2, ..., Ap) be a partition, i.e., a finite decreasing sequence of
positive integers:

M2 2 2> 1

The integer |A| := A1+ X2+ ...+ Ay is called the size of A\. We also say that X is
a partition of |A|. The integer h is called the height of A and we set hy := h.

To each partition A we associate its 3-number, 8\ = (01, B2, - .., Bn), defined by
Bi=h+X—10:=h+X—2,....8h:=h+Xy— h.
Example: If A = (4,2,2,1), then 8\ = (7,4,3,1).
Let m € N. The m-shifted g-number of X is the sequence of numbers defined by
Balml=(Br+mBat+m,....0h+mm—1m—2,...,10).
Example: If A = (4,2,2,1), then 3,[3] = (10,7,6,4,2,1,0).
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Let d be a positive integer. A family of d partitions A = (A, X1 A(d=1)) s
called a d-partition.
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Let d be a positive integer. A family of d partitions A = (A9 XD

called a d-partition. We set
h(a) = h)\(a), 5(8) = ,8)\(3)
and we have

A = (AP A,
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Let d be a positive integer. A family of d partitions A = (A, X1 A(d=1)) s
called a d-partition. We set

h@ = hyw, 8@ =B

and we have

A = (AP A,

The integer
d—1

BN

a=0

is called the size of A\. We also say that A is a d-partition of |A|.
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Let d be a positive integer. A family of d partitions A = (A, X1 A(d=1)) s
called a d-partition. We set

h(a) = h)\(a), 5(a) = B)\(a)
and we have

A = (AP A,

The integer
d—1

BN

a=0

is called the size of A\. We also say that A is a d-partition of |A|.

From now on, we suppose that we have a given “weight system”, i.e., a family of
integers

m:= (m(o)7 mM m(d_l)).
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We define the m-charged height of )\ to be the integer
hcy := max {hc@® | (0<a<d—1)},
where

hC(O) = h(O) — m(o)7 hc(l) = h(l) — m(l), ey hc(d_l) = h(d_l) — m(d_l).
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We define the m-charged height of )\ to be the integer
hcy := max {hc@® | (0<a<d—1)},
where

he® = O _ mO® pe®) = 1) — @) peld=D) .= pd=1) _ pd=1).

)

Definition (m-charged standard symbol and content)

The m-charged standard symbol of A is the family of numbers defined by
= (BCA , Bcﬁ\l), e Bcid_l))7
where, for all a (0 < a<d —1), we have

Bcga) = B@[hcy — hc?)].
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We define the m-charged height of )\ to be the integer
hcy := max {hc@® | (0<a<d—1)},
where

he® = O _ mO® pe®) = 1) — @) peld=D) .= pd=1) _ pd=1).

)

Definition (m-charged standard symbol and content)

The m-charged standard symbol of A is the family of numbers defined by
= (BCA , Bcﬁ\l), e Bcid_l))7

where, for all a (0 < a<d —1), we have
Bcga) = B@[hcy — hc?)].

The m-charged content of X is the multiset

Contcy = Bc/(\o) U Bcf\l) UooolU Bc&d_l).
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Example: Let us take d =2, A = ((3),(2,1)) and m = (2,—1). Then
o 30 =3),
o fM) =(3,1),
@ hc®=1-2=—1,
@ hcW =2—-(-1)=3
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Example: Let us take d =2, A = ((3),(2,1)) and m = (2,—1). Then
o 30 =(3),
e 3 =(3,1),
@ hc®=1-2=—1,
@ hc®) =2 — (1) =3 = hcy.
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Example: Let us take d =2, A = ((3),(2,1)) and m = (2,—1). Then
o 30 =(3),
e 3 =(3,1),
@ hc®=1-2=—1,
@ hc®) =2 — (1) =3 = hcy.

Consequently,
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Example: Let us take d =2, A = ((3),(2,1)) and m = (2,—1). Then
o 30 =(3),
e 3 =(3,1),
@ hc®=1-2=—1,
@ hc®) =2 — (1) =3 = hcy.

Consequently,
7 3210
BC)\ = 31 .

We have Contey ={0,1,1,2,3,3,7}.
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The group G(d,1,r)

@ The group G(d,1,r) is the group of all r X r monomial matrices whose
non-zero entries lie in fg.
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The group G(d,1,r)

@ The group G(d,1,r) is the group of all r X r monomial matrices whose
non-zero entries lie in fg.

o G(d,1,r) ~ ug16,.

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g November 29, 2008 18 / 27



The group G(d,1,r)

@ The group G(d,1,r) is the group of all r X r monomial matrices whose
non-zero entries lie in fg.

o G(d,1,r) ~ ug16,.

@ The irreducible characters of G(d, 1, r) are indexed by the d-partitions of r.
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The group G(d,1,r)

The group G(d, 1,r) is the group of all r x r monomial matrices whose
non-zero entries lie in fg.

G(d,1,r) ~ pg 1 6,.

°
@ The irreducible characters of G(d, 1, r) are indexed by the d-partitions of r.
The field of definition of G(d, 1, r) is Q(¢q).
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The group G(d,1,r)

The group G(d, 1,r) is the group of all r x r monomial matrices whose
non-zero entries lie in fg.

G(d,1,r) ~ pg 1 6,.
@ The irreducible characters of G(d, 1, r) are indexed by the d-partitions of r.
The field of definition of G(d, 1, r) is Q(¢q).

® G(1,1,r) ~ A,_q for r > 2, J
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The group G(d,1,r)

@ The group G(d,1,r) is the group of all r X r monomial matrices whose
non-zero entries lie in fg.

o G(d,1,r) ~ ug16,.
@ The irreducible characters of G(d, 1, r) are indexed by the d-partitions of r.
@ The field of definition of G(d,1,r) is Q((a)-

® G(1,1,r) ~ A,_q for r > 2,
e G(2,1,r)~B, forr>2
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The group G(d,1,r)

@ The group G(d,1,r) is the group of all r X r monomial matrices whose
non-zero entries lie in fg.

o G(d,1,r) ~ ug16,.
@ The irreducible characters of G(d, 1, r) are indexed by the d-partitions of r.
@ The field of definition of G(d,1,r) is Q((a)-

o G(1,1,r) = A, for r > 2,
o G(2,1,r)~B, forr>2 (G(2,1,1) ~ G).
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Ariki-Koike algebras

The “generic” Ariki-Koike algebra associated to G(d, 1, r) is the algebra Hy,,
generated over the Laurent polynomial ring in d + 1 indeterminates

Z|uo, ual, uy, ufl, e Ud—1, u;_ll, x,x_l]
by the elements s, t1, tp,...,t,_; satisfying the relations
@ styst; = tyst;s,
@ stj=t;s, forallj=2,...,r—1,
ot tjt;_; =tjt;_1t;, forall j=2,...,r -1,

o titj=t;t;, forall 1<ij<r—1withl|i—j|>1,

(S — Uo)(S — Ul) . (S — Ud—l) = O,

(ti—x)(tj+1)=0, forallj=1,...,r—1
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The Schur elements of Hy , have been calculated independently by
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The Schur elements of Hy , have been calculated independently by

@ Geck, lancu, Malle (2000),
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The Schur elements of Hy , have been calculated independently by
@ Geck, lancu, Malle (2000),
@ Mathas (2004).
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The Schur elements of Hy , have been calculated independently by
@ Geck, lancu, Malle (2000),
@ Mathas (2004).

Let

X+ q"

¢:{ ujH<£qmj7(0Sj< d)a

be a cyclotomic specialization for Hg ,.
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The Schur elements of Hy , have been calculated independently by
@ Geck, lancu, Malle (2000),
@ Mathas (2004).

Let ]
¢: { uj — <qumj7(0 SJ < d)a

X+ q"

be a cyclotomic specialization for Hg ,.

Proposition (C.)

The essential hyperplanes for G(d, 1, r) are given by:
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The Schur elements of Hy , have been calculated independently by
@ Geck, lancu, Malle (2000),
@ Mathas (2004).

Let ]
¢: { uj — <qumj7(0 SJ < d)a

X+ q"

be a cyclotomic specialization for Hg ,.

Proposition (C.)

The essential hyperplanes for G(d, 1, r) are given by:
e N=0.
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The Schur elements of Hy , have been calculated independently by
@ Geck, lancu, Malle (2000),
@ Mathas (2004).

Let ]
(;5: { uj — Cqumj’(O SJ < d)a

X+ q"

be a cyclotomic specialization for Hg ,.

Proposition (C.)

The essential hyperplanes for G(d, 1, r) are given by:
e N=0.
@ kN + My — M; =0for —r < k< rand 0 <s <t < d such that

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g November 29, 2008 20 / 27



The Schur elements of Hy , have been calculated independently by
@ Geck, lancu, Malle (2000),
@ Mathas (2004).

Let ]
(;5: { uj — Cqumj’(O SJ < d)a

X+ q"

be a cyclotomic specialization for Hg ,.

Proposition (C.)

The essential hyperplanes for G(d, 1, r) are given by:
e N=0.
@ kN + My — M; =0for —r < k< rand 0 <s <t < d such that

¢5 — ¢l is not a unit in Z[(q4].

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g November 29, 2008 20 / 27



Rouquier blocks of the “cyclotomic” Ariki-Koike algebras
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Rouquier blocks of the “cyclotomic” Ariki-Koike algebras

Proposition
The Rouquier blocks associated with no essential hyperplane are trivial.
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Rouquier blocks of the “cyclotomic” Ariki-Koike algebras

Proposition

The Rouquier blocks associated with no essential hyperplane are trivial.

In order to obtain a description for the Rouquier blocks associated with the
essential hyperplanes of G(d,1,r), we have used the algorithm for the blocks of
the Ariki-Koike algebra over a field given by Lyle and Mathas (2007).
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Rouquier blocks of the “cyclotomic” Ariki-Koike algebras

Proposition

The Rouquier blocks associated with no essential hyperplane are trivial.

In order to obtain a description for the Rouquier blocks associated with the
essential hyperplanes of G(d,1,r), we have used the algorithm for the blocks of
the Ariki-Koike algebra over a field given by Lyle and Mathas (2007).

Proposition (C.)

Let A, v be two d-partitions of r. The characters x\ and x,, are in the same
Rouquier block associated with the essential hyperplane N = 0 if and only if

IA®| = |u@] forall a=0,1,...,d — 1.

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g November 29, 2008 21 /27



Let H : kN + Mg — M; = 0 be an essential hyperplane for G(d,1,r) and let

x—q"

¢:{ uj = g, (0 < j < d),

be a cyclotomic specialization such that kn + ms — m; = 0 and the integers n and
mj (0 < j < d) belong to no other essential hyperplane for G(d, 1, r).
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Let H : kN + Mg — M; = 0 be an essential hyperplane for G(d,1,r) and let

x—q"

¢:{ uj = g, (0 < j < d),

be a cyclotomic specialization such that kn + ms — m; = 0 and the integers n and
mj (0 < j < d) belong to no other essential hyperplane for G(d, 1, r). Without
loss of generality, we shall assume that n = 1.
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Let H : kN + Mg — M; = 0 be an essential hyperplane for G(d,1,r) and let

¢:{ uj = Cyq™, (0 < j < d),

x+—q"

be a cyclotomic specialization such that kn + ms — m; = 0 and the integers n and
mj (0 < j < d) belong to no other essential hyperplane for G(d, 1, r). Without
loss of generality, we shall assume that n = 1.

Theorem (Broué-Kim)

Let A, 1 be two d-partitions of r. If the irreducible characters (xx)s and (x,.)¢
are in the same Rouquier block of (Hg,)s, then Contcy = Contc,, with respect
to the weight system (mg, my, ..., mg_1).
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Let H : kN + Mg — M; = 0 be an essential hyperplane for G(d,1,r) and let

¢:{ uj = Cyq™, (0 < j < d),

x+—q"

be a cyclotomic specialization such that kn + ms — m; = 0 and the integers n and
mj (0 < j < d) belong to no other essential hyperplane for G(d, 1, r). Without
loss of generality, we shall assume that n = 1.

Theorem (Broué-Kim)

Let A, 1 be two d-partitions of r. If the irreducible characters (xx)s and (x,.)¢
are in the same Rouquier block of (Hg,)s, then Contcy = Contc,, with respect
to the weight system (mg, mi, ..., mg_1). The converse is true when d is a power
of a prime number.
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Proposition (C.)

Let A, v be two d-partitions of r. The irreducible characters (xx)s and (x,)4 are
in the same Rouquier block of (Hq,,), if and only if:
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Proposition (C.)

Let A, v be two d-partitions of r. The irreducible characters (xx)s and (x,)4 are
in the same Rouquier block of (Hq,,), if and only if:

@ We have A\ = ;3 for all a ¢ {s, t}.
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Proposition (C.)

Let A, v be two d-partitions of r. The irreducible characters (xx)s and (x,)4 are
in the same Rougquier block of (Hq,,)4 if and only if:

@ We have A\ = ;3 for all a ¢ {s, t}.

Q If X% := (M), X)) and st = (ul), (), then Contcye = Conteys with
respect to the weight system (ms, m;).
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Proposition (C.)

Let A, v be two d-partitions of r. The irreducible characters (xx)s and (x,)4 are
in the same Rougquier block of (Hq,,)4 if and only if:

@ We have A\ = ;3 for all a ¢ {s, t}.

Q If X% := (M), X)) and st = (ul), (), then Contcye = Conteys with
respect to the weight system (ms, m;).

Let A and u** be as above and set [ := || = ||
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Proposition (C.)

Let A, v be two d-partitions of r. The irreducible characters (xx)s and (x,)4 are
in the same Rougquier block of (Hq,,)4 if and only if:

@ We have A\ = ;3 for all a ¢ {s, t}.

Q If X% := (M), X)) and st = (ul), (), then Contcye = Conteys with
respect to the weight system (ms, m;).

Let A** and p** be as above and set [ := |\*'| = |u**|. Let us consider the
Ariki-Koike algebra Hy ; of G(2,1,1) over the Laurent polynomial ring

Z[Uo, Uyt Uy, U X, XY
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Proposition (C.)

Let A, v be two d-partitions of r. The irreducible characters (xx)e and (x
in the same Rougquier block of (Hq,,)4 if and only if:

@ We have A\ = ;3 for all a ¢ {s, t}.

Q If X% := (M), X)) and st = (ul), (), then Contcye = Conteys with

respect to the weight system (ms, m;).

W) are

Let A** and p** be as above and set [ := |\*'| = |u**|. Let us consider the
Ariki-Koike algebra Hy ; of G(2,1,1) over the Laurent polynomial ring

Z[Uo, Uy, Ur, Ut X, XY
and the cyclotomic specialization

V:Up— q™, Uy — —q¢™, X —q".
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Proposition (C.)

Let A, v be two d-partitions of r. The irreducible characters (xx)s and (x,)4 are
in the same Rougquier block of (Hq,,)4 if and only if:

@ We have A\ = ;3 for all a ¢ {s, t}.

Q If X% := (M), X)) and st = (ul), (), then Contcye = Conteys with
respect to the weight system (ms, m;).

Let A** and p** be as above and set [ := |\*'| = |u**|. Let us consider the
Ariki-Koike algebra Hy ; of G(2,1,1) over the Laurent polynomial ring

Z[Uo, Uy, Ur, Ut X, XY
and the cyclotomic specialization

V:lUpr—q™, U= —q™, X —q".

By the theorem of Broué-Kim, we have Contcys = Contc,s with respect to the
weight system (ms, m;) if and only if the corresponding characters of G(2,1,/)
belong to the same Rouquier block of (Ha,/)y.
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Example: Let W := G(3,1,2).
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Example: Let W := G(3,1,2). The irreducible characters of W are parametrized
by the 3-partitions of 2. These are:
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Example: Let W := G(3,1,2). The irreducible characters of W are parametrized
by the 3-partitions of 2. These are:

)‘(2),0 = ((Z)a @a 0)7 >‘(2),1 = (07 2()a (D)a A(2),2 = (wa (Da 2())a

Ao =((1,1),0,0), Aga=(0(1,1) ,
Ao = (0,(1).(1):  Aoa=((1):0,(1)), N2 = (). (
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Example: Let W := G(3,1,2). The irreducible characters of W are parametrized
by the 3-partitions of 2. These are:

)‘( ((2) @ 0)7 /\(2)»1 = (07 2)’(0)7 /\(2) ((Z)v@a (2))v
Ao = ((1,1),0,0), Aapy (1 (0,0, (1,
Moo = (0, (1 ) (1), e =((2),0,(1)), )\0,2 ( 1),(1),0).

The generic Ariki-Koike algebra associated to W is the algebra ‘H3 > generated
over the Laurent polynomial ring in 4 indeterminates

—1 —1 —1 —1
Z[UO,UO , Ui, Uy “, U, Uy X, X ]

by the elements s and t satisfying the relations

@ stst = tsts,

o (s—u)(s—u)(s—w)=(t—x)(t+1)=0.
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Let .
¢: { UJ'_)C:qumJ)(OS./§2)7

X q"

be a cyclotomic specialization for H3 5.
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Let .
¢: { UJ'_)C:Jf}qu)(OS_/§2)7

X q"

be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
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Let .
¢: { UJ'_)C:Jf}qu)(OS_/§2)7

X q"
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:

e N=0.
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Let .
¢: { UJ'_)C:Jf}qu)(OS_/§2)7

X q"
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
@ kN+ My — M; =0 for k e {-1,0,1}.
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Let .
¢: { UJ'_)C:Jf}qu)(OS_/§2)7

X q"
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
@ kN+ My — M; =0 for k e {-1,0,1}.
@ kN + My — M, =0 for k € {—1,0,1}.

u]
)
I
il
it
5
pe)
Pl
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Let )
¢:{ uj — g™, (0 < j < 2),

X+ q"

be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
® kN + My — M; =0 for k € {—1,0,1}.
@ kN+ My — M, =0 for k € {—1,0,1}.
®© KN+ M; — My =0 for k € {-1,0,1}.
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Let )
¢:{ uj — g™, (0 < j < 2),

X+ q"
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
® kN + My — M; =0 for k € {—1,0,1}.
@ kN+ My — M, =0 for k € {—1,0,1}.
®© KN+ M; — My =0 for k € {-1,0,1}.

Let us take mg :=0, my :=0, my :=5 and n:= 1.
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Let )
¢:{ uj — g™, (0 < j < 2),

X+ q"
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
® kN + My — M; =0 for k € {—1,0,1}.
@ kN+ My — M, =0 for k € {—1,0,1}.
®© KN+ M; — My =0 for k € {-1,0,1}.

Let us take mg := 0, m; := 0, mp :=5 and n:= 1. These integers belong only to
the essential hyperplane My — M; = 0.
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Let

s { i":ﬁqmj’(o <j<2),
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
® kN + My — M; =0 for k € {—1,0,1}.
@ kN+ My — M, =0 for k € {—1,0,1}.
®© KN+ M; — My =0 for k € {-1,0,1}.

Let us take mg := 0, m; := 0, mp :=5 and n:= 1. These integers belong only to
the essential hyperplane My — M; = 0. Following our main result, two irreducible
characters (x1)¢, (Xu)s are in the same Rouquier block of (Hz 3)4 if and only if:
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Let )
¢:{ uj — g™, (0 < j < 2),

X+ q"
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
® kN + My — M; =0 for k € {—1,0,1}.
@ kN+ My — M, =0 for k € {—1,0,1}.
®© KN+ M; — My =0 for k € {-1,0,1}.

Let us take mg := 0, m; := 0, mp :=5 and n:= 1. These integers belong only to
the essential hyperplane My — M; = 0. Following our main result, two irreducible
characters (x1)¢, (Xu)s are in the same Rouquier block of (Hz 3)4 if and only if:

Q@ We have \®) = ;@)
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Let )
¢:{ uj — g™, (0 < j < 2),

X+ q"
be a cyclotomic specialization for H3». The essential hyperplanes for W' are:
e N=0.
® kN + My — M; =0 for k € {—1,0,1}.
@ kN+ My — M, =0 for k € {—1,0,1}.
®© KN+ M; — My =0 for k € {-1,0,1}.

Let us take mg := 0, m; := 0, mp :=5 and n:= 1. These integers belong only to
the essential hyperplane My — M; = 0. Following our main result, two irreducible
characters (x1)¢, (Xu)s are in the same Rouquier block of (Hz 3)4 if and only if:

Q@ We have \®) = ;@)

Q If A% := (MO, AWy and p0 := (u(®, M), then Contcye = Conte,m with
respect to the weight system (0, 0).
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap,2 are singletons.
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap.2 are singletons. Moreover, we have
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap.2 are singletons. Moreover, we have

2
B)\(z),o = ( 0 ) ’
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap.2 are singletons. Moreover, we have

2 0
B)\(z),o = ( 0 ) ) B)x(z),l = < 2 > .

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g



Ap.2 are singletons. Moreover, we have

2
@0 — ( 0 ) ) B>\(2),1 (

(0
21
B>\(1,1),0 = ( 1 0 ) )

Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and

Maria Chlouveraki (EPFL)

Families of characters of the imprimitive c.r.g

N




Ap.2 are singletons. Moreover, we have

2
@0 ( 0 ) » Baga = (

)

Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap.2 are singletons. Moreover, we have

2 0
= (2) 8= (0).
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap.2 are singletons. Moreover, we have

2 0
B)‘(zj,o = < 0 )’ B>\(2),1 = ( 2 >
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap.2 are singletons. Moreover, we have

The Rouquier blocks of (Hs 1), are:
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Consequently, the characters corresponding to the partitions A(2)2, A(1,1),2 and
Ap.2 are singletons. Moreover, we have

2 0
BA(zl,O = < 0 )’ B>\(2))1 = ( 2 >.

The Rouquier blocks of (Hs 1), are:

{220 2211 A@2h A0 Aa ) Aan.2 {Aoo X1t {Ne2}-
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The group G(de, e, r)

The group G(de, e, r) is the group of all r x r monomial matrices with non-zero
entries in pge and product of the non-zero entries in pigy.
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The group G(de, e, r)

The group G(de, e, r) is the group of all r x r monomial matrices with non-zero
entries in pge and product of the non-zero entries in pigy.

@ Thanks to a result by Ariki (1995), any cyclotomic Hecke algebra of
G(de,e,r), r > 2, can be viewed as a subalgebra of a cyclotomic Hecke
algebra associated to G(de, 1, r). Then Clifford Theory allows us to obtain
the Rouquier blocks of the former from the Rouquier blocks of the latter.

Maria Chlouveraki (EPFL) Families of characters of the imprimitive c.r.g November 29, 2008 27 / 27




The group G(de, e, r)

The group G(de, e, r) is the group of all r x r monomial matrices with non-zero
entries in pge and product of the non-zero entries in pigy.

@ Thanks to a result by Ariki (1995), any cyclotomic Hecke algebra of
G(de,e,r), r > 2, can be viewed as a subalgebra of a cyclotomic Hecke
algebra associated to G(de, 1, r). Then Clifford Theory allows us to obtain
the Rouquier blocks of the former from the Rouquier blocks of the latter.

@ The same holds in the case where r = 2 and e is odd.
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The group G(de, e, r)

The group G(de, e, r) is the group of all r x r monomial matrices with non-zero
entries in pge and product of the non-zero entries in pigy.

@ Thanks to a result by Ariki (1995), any cyclotomic Hecke algebra of
G(de,e,r), r > 2, can be viewed as a subalgebra of a cyclotomic Hecke
algebra associated to G(de, 1, r). Then Clifford Theory allows us to obtain
the Rouquier blocks of the former from the Rouquier blocks of the latter.

@ The same holds in the case where r = 2 and e is odd.

@ In the case where r = 2 and e is even, explicit calculations had to be made
(and there is no combinatorial description of the Rouquier blocks).
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