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Notation and background

C = (¢j), Cartan matrix (An, B, ..., F4,G2)

D = diag(d)), d; € Z~o, min(d;) = 1, such that DC is symmetric
C ~~ g, simple Lie algebra over C

g~ Lg=g®C[t,t'], loop algebra

Uq(Lg), quantum loop algebra (g € C* non root of 1)

¢, category of finite-dimensional Uy(Lg)-modules

Theorem (Hernandez-L 08, Nakajima, Kimura-Qin, Qin, HL 13)

Grothendieck rings of monoidal subcategories of 6 have natural
cluster algebra structure
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A cluster algebra

@ C=(cj|i,je ), Cartan matrix

@ [, quiver with vertex set V := [ x Z, and arrows:

(i,r)—(j,s) <= c¢cj#0ands=r+dcj
@ z:={z,|(i,r) € V}, set of indeterminates

Definition
o/, cluster algebra with initial seed (z,I)
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Connection between ¥ and .«

@ simple object M € € ~» g-character xq(M) : a Laurent
polynomial in some variables Y; 5

@ cluster variable X € %/ : a Laurent polynomial in the z; ,

Main observation

Under the change of variables

Yige = Zis—d;
’ Zjgid
i,.s+dj

the g-characters of certain simple objects of 4 become equal to
certain cluster variables of <7
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Example in type A

@ Fundamental module L(Y; g):

%3 (L(Y1.9) = Yig+ Yy daYoqe + Vo ts

@ Cluster variable obtained by mutation at (1,2) followed by
mutation at (2,3):

210 214221 225

o 2 =
(H2,3)° 1(1,2))(Z2,3) Zia | Z10225 | 223
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Theorem (Hernandez-L 2013)

The “main observation” holds for all Kirillov-Reshetikhin modules:

Y,

i,aq(2k-2)9; )

W;Eg = L( Yi,a Y,

ag?di

A simple object S € ¥ is called “real” if S® S is simple.

The g-characters of real simple objects of € are equal to certain
cluster monomials of 7 (under the above change of variables).
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Note: Some cluster variables of <7 do not correspond to simple
objects of ¥ (e.g. initial cluster variables, one-step mutations, ...).

What is their meaning in terms of Ug(Lg) ?
Maybe one should consider a bigger category & D € ?

Such a category has been introduced by Hernandez and Jimbo (2012),
and further studied by Frenkel and Hernandez (2015, 2016).

Objects of & are Ug(b)-modules, where b C Lg is a Borel subalgebra.
They are infinite-dimensional in general.

The building blocks of & are the prefundamental modules:

L, L

i.a’ i.a’

(iel, aeC)
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@ Uy(slp): generators e, f, k (k invertible), relations:

k—k—!

ke = q?ek, kf=q 2fk, [e f]l= =

o Uq(sAlg): generators €y, €1, fo, fi, Ko, K1 (Kp, k1 invertible), similar

-2 2
@ Uy(Lslp): quotient of Uq(sA[g) by koky = 1.
@ for a € C*, evaluation homomorphism ev, : Ug(Lslp) — Ug(slo)

relations given by Cartan matrix C = ( e _2>

er—e fi—f kw—k ew—qg'a'f, fy—qae
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Prefundamental modules in type A;

@ Vj: Uq(slz)-module with basis (o, V4, ..., Vp)

evi=Vi 1, fi=[i+1][n—viy, kvi=q" %V,

@ Vjp(a): Ug(slz)-module with basis (vo, v4,...,Vp)

1y - —2j
e1vi=vi1, evi=q 'a [i+1][n=iviy1, kvi=q" "y
@ Takea=q "', |g| < 1and “let n — oo

L~ with basis (V; | i € Z>0)

—q" Vi kyvi = q 2y,
q_q_1 i+1 1Vi=4qg i
@ Ugy(b), subalgebra of Ug(Lg) generated by ep, €1, Kq.

@ L " isa Uy(b)-module. Cannot be extended to a Uy(Lg)-module.

e1vi=Vi_1, eV =l[i+1]
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@ Uy(b) D commutative subalgebra generated by ¢ (k € Z>)

do=ki, ¢1=(q—q ")er, ek],

® ¢(U) = Lk=09kU"
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Prefundamental modules in type A;

L™ and L~ are quite different

Uq(b) D commutative subalgebra generated by ¢y (k € Z>q)

do=ki, ¢1=(q—q ")er, ek],

o (U) = L0 P

InL™: ¢(u)v;=q 2 (1 —u)y
qg¥(1-q?u)

(1-g~2u)(1—q2+2) "

L™ has highest /-weight 1 — u

InL™: ¢(u)v; =

1
L~ has highest /-weight T
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Prefundamental modules in type A;

@ shift automorphism: 75 of Ug(b): €1 — ey, ky — ki, €9 — aeg

@ -~ positive and negative prefundamental Ugy(b)-modules:

L}, highest /-weight 1 — au

L, highest /-weight a0

@ If A = b@ is an sly-weight, also have the one-dimensional
Uq(b)-module [A]:

e=e1=0, Kk :qb.

[A] is a zero prefundamental module.

@ Simple objects of category & of Hernandez-Jimbo are
subquotients of tensor products of prefundamental modules.
They are parametrized by their highest ¢-weight W € C(u).
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Arbitrary type X;

@ Uy(Lg) D Uq(b) : generators eo,e1,...,e,,kf“,...,k,i1
@ commutative subalgebra : ¢y k,..., ¢k, (K € Z~0)
@ highest (-weight Ug(b)-module: V = Ugy(b)v such that

eiv=0, ¢i(u)v=uyju)yv, (1<i<r)

for some W = (ysq,...,y;) € C[[u]]".
@ Hernandez-Jimbo: highest {-weight modules
+ + _ i *
L Vvi,=(0,...,1-au,....0), (1<i<r,aeC)
1
,—,...,0), (1<i<r,acC*
1—au ) )
@ simple objects of & are highest /-weight modules with
V¥ € C(u)". Notation: L(WV).

. J’_ —
They are subquotients of tensor products of L., L; . and [A].

Ly Via=(0,...

i.a’
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Finite-dimensional modules

@ Viy= [(‘Ii,']\lo‘+ v

iaq~% "~ iaq%

@ L(Y;g) is finite-dimensional : restriction to Ug(b) of
fundamental Uq(L(g))-module

@ every simple finite-dimensional module in & is of the form
[A]® L(m), where m is a product of Y; ;’s.

@ ~¥CO.
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Definition

@ V> 0ifitis a product of W}, Y] ,, and [A].

lLa’
@ O™ is the full subcategory of ¢ whose objects have all their
simple constituents of the form L(W) with W > 0.

@ Recall o7: cluster algebra associated with Cartan matrix of g

@ Z, group algebra of the weight lattice of g, A:= ¥ ®z o

o 6"% , subcategory of &' whose objects have all their simple
constituents of the form L(W) such that zeros and poles of y;(u)
are of the form g" with (i,r) € V.

Theorem (Hernandez-L 2016)

The assignment

[(r/2d) @] © zi, > [L

/,qf]? ((i7r)€ V)

extends to an isomorphism from (a completion of) A to Ko(ﬁ’ér ).
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o w2([-mi[L] e]) =
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= [ 3@2/2][L(Y1,4¥3 )]
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Example: type Ao

(@1 3@ 2][L1+‘1][ al+[- 01*02'2][Ltq4][L£q]

° ‘LL172([*CU1][L{q2]) = [ +q2]

=[-8 /2][L(V1.g¥5 )

o (ea)ouu2))([-8m2/2][L; L) =

ILt] 1L} I,

L5 o
el % O

o L3

+[-@2]

= [L(Y1,9)]



Last equality follows from:

Theorem (Frenkel-Hernandez 2015)
Let M € €. If one replaces in the g-character of M every Y 5 by

+
[Li,aqidi]
(L]

i.aq

(@]

and xq(M) by [M], one obtains a valid relation in the fraction field of
Ko(O).




In the isomorphism A & Ko(ﬁiIr ), the cluster variables correspond to
the classes of the prime real simple modules (up to twist by some [A]).




In the isomorphism A & Ko(ﬁiIr ), the cluster variables correspond to
the classes of the prime real simple modules (up to twist by some [A]).

@ The conjecture is true in type Aq.



In the isomorphism A & Ko(ﬁiIr ), the cluster variables correspond to
the classes of the prime real simple modules (up to twist by some [A]).

@ The conjecture is true in type Aq.

@ The conjecture is true for one-step mutations for all types:

r—dic; i

.lii,r(zi,r):["'] L Yi,q"d/ H \U;q 'i.i

ijji<o



In the isomorphism A = Ko(ﬁ; ), the cluster variables correspond to
the classes of the prime real simple modules (up to twist by some [A]).

@ The conjecture is true in type Aq.

@ The conjecture is true for one-step mutations for all types:

r—dic; i

.lii,r(zi,r):["'] L Yi,q"d/ H \U;q 'i.i
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Theorem (Hernandez-Frenkel 2016)

The relations given by one-step mutations yield the proof of the Bethe
Ansatz equations for quantum integrable models associated with

Ug(Lg).




