FROM THE FRAMISATION OF THE TEMPERLEY-LIEB ALGEBRA TO THE
JONES POLYNOMIAL: AN ALGEBRAIC APPROACH

MARIA CHLOUVERAKI

ABSTRACT. We prove that the Framisation of the Temperley—Lieb algebra is isomorphic to a direct sum
of matrix algebras over tensor products of classical Temperley—Lieb algebras. We use this result to obtain
a closed combinatorial formula for the invariants for classical links obtained from a Markov trace on the
Framisation of the Temperley—Lieb algebra. For a given link L, this formula involves the Jones polynomials
of all sublinks of L, as well as linking numbers.

1. INTRODUCTION

The Temperley—Lieb algebra was introduced by Temperley and Lieb [TeLi] for its applications in statistical
mechanics. Jones later showed that the Temperley—Lieb algebra can be seen as a quotient of the Iwahori—
Hecke algebra of type A [Jol, Jo2]. He defined a Markov trace on it, now known as the Jones—-Ocneanu
trace, and used it to construct his famous polynomial link invariant, the Jones polynomial. This trace is
also obtained as a specialisation of a trace defined directly on the Iwahori-Hecke algebra of type A, which
in turn yields another famous polynomial link invariant, the HOMFLYPT polynomial (also known as the
2-variable Jones polynomial) [HOMFLY, PT].

Yokonuma—Hecke algebras were introduced by Yokonuma [Yo] as generalisations of Iwahori-Hecke al-
gebras. In particular, the Yokonuma—Hecke algebra of type A is the centraliser algebra associated to the
permutation representation with respect to a maximal unipotent subgroup of the general linear group over a
finite field. In later years, Juyumaya transformed its presentation to “almost” the one we use in this paper
and defined a Markov trace on it [Jul, JuKa, Ju2]. Following Jones’s method, Juyumaya and Lambropoulou
used this trace to construct invariants for framed [JuLal, JuLa2], classical [JuLa3] and singular [JuLa4] links.
The exact presentation for the Yokonuma—Hecke algebra used in this paper is due to the author and Poulain
d’Andecy, who modified Juyumaya’s generators in [ChPdA]. Although the construction of the Markov trace
with the new generators remains similar, the invariants for framed and classical links obtained from it are not
topologically equivalent to the Juyumaya—Lambropoulou ones. This was shown in [CJKL], where the new
invariants were constructed and studied. From then on, these are the “standard” link invariants obtained
from the Yokonuma—-Hecke algebra of type A. As was shown in [CJKL], they are not topologically equiva-
lent to the HOMFLYPT polynomial and they can be generalised to a 3-variable skein link invariant which is
stronger than the HOMFLYPT. In the Appendix of [CJKL], Lickorish gave a closed combinatorial formula
for the value of these invariants on a link L which involves the HOMFLYPT polynomials of all sublinks of
L and linking numbers. The same formula was obtained independently by Poulain d’Andecy and Wagner
[PAAWa] with a method that we will discuss at the end of the introduction.

However, even prior to these recent results, there has been algebraic and topological interest in finding
the analogue of the Temperley—Lieb algebra in the Yokonuma-Hecke algebra context. On the one hand, it
would be a quotient of the Yokonuma—Hecke algebra of type A such that the Markov trace on it would yield
a link invariant more general (and now known to be stronger) than the Jones polynomial. On the other
hand, it would be an example of the “framisation technique” proposed in [JuLa5], according to which known
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algebras producing invariants for classical links can be enhanced with extra generators to produce invariants
for framed links; the foremost example is the Yokonuma—Hecke algebra of type A which can be seen as the
“framisation” of the Iwahori-Hecke algebra of type A.

Goundaroulis, Juyumaya, Kontogeorgis and Lambropoulou defined and studied three quotients of the
Yokonuma—Hecke algebra of type A as potential candidates [GJKL1, GJKL2]. The one with the biggest
topological interest was named “Framisation of the Temperley—Lieb algebra” and it is the one that produces
the suitable generalisation of the Jones polynomial. The claim that this algebra is the natural analogue of
the Temperley—Lieb algebra in this context is backed up algebraically by our findings in [ChPo2, ChPo3],
where we studied the representation theory of this algebra and we proved the isomorphism theorem that we
present in the current article (we also studied similarly the other two candidates in [ChPol, ChPo3]). This
isomorphism theorem states that the Framisation of the Temperley—Lieb algebra is isomorphic to a direct sum
of matrix algebras over tensor products of Temperley—Lieb algebras. This result makes the Framisation of the
Temperley—Lieb algebra the ideal analogue of the Temperley—Lieb algebra in view of Lusztig’s isomorphism
theorem [Lu], later reproved by Jacon and Poulain d’Andecy [JaPdA], Espinoza and Ryom-Hansen [EsRy]
and Rostam [Ro], that states that the Yokonuma—Hecke algebra of type A is isomorphic to a direct sum
of matrix algebras over tensor products of Iwahori-Hecke algebras of type A. To prove our result we use
the exposition by Jacon and Poulain d’Andecy, where the presentation of the Yokonuma—Hecke algebra of
[ChPdA] is used. In fact, in the current article we do not use the modified presentation that we used in
[ChPo2, ChPo3], but we reprove the results with the presentation of [ChPdA] in order to be with agreement
with the most recent topologically oriented papers on the subject (for example, [CJKL], [GoLa], [PdA], etc.).
Finally, our isomorphism theorem allows us to determine a basis for the Framisation of the Temperley—Lieb
algebra.

In the second part of the paper, we discuss the Markov traces on the Temperley—Lieb algebra and its
Framisation, and explain how we can use them to define invariants for classical links from the former and
for framed and classical links from the latter. We give several definitions of the traces. First, for the
Jones—Ocneanu trace, we give the original definition of [Jo2] of a trace that needs to be normalised and
re-scaled to produce a link invariant, and another one which is already invariant under positive and negative
stabilisation. As far as the Juyumaya trace is concerned, the original definition of [Ju2] is also of a trace that
needs to be normalised and re-scaled to produce a link invariant (under certain conditions discussed in detail
in §4.3), and its stabilised version appears as a particular case of the Markov traces defined and classified by
Jacon and Poulain d’Andecy in [JaPdA]. Using these stabilised traces and the isomorphism theorem for the
Yokonuma—Hecke algebra, Poulain d’Andecy and Wagner in [PdAWa] obtained closed formulas that connect
the values of these traces on a link L with the values of the HOMFLYPT polynomials of all sublinks of L, as
well as their linking numbers. For a certain choice of parameters (see [PdA, Remarks 5.4] for details), they
obtain Lickorish’s formula. Here, we consider stabilised Markov traces on the Framisation of the Temperley—
Lieb algebra, and thanks to our isomorphism theorem, we obtain an analogue of this formula for the link
invariants obtained in this case; for a given link L, this formula involves the Jones polynomials of all sublinks
of L and linking numbers. This formula has been obtained independently in [GoLa] as a specialisation of
Lickorish’s formula.

2. THE TEMPERLEY—LIEB ALGEBRA AND ITS FRAMISATION

In this section, we give the definition of the Temperley—Lieb algebra as a quotient of the Iwahori—Hecke
algebra of type A given by Jones [Jo2], as well as the definition of the Framisation of the Temperley—
Lieb algebra as a quotient of the Yokonuma-Hecke algebra of type A given by Goundaroulis—Juyumaya—
Kontogeorgis—Lambropoulou [GJKL2]. From now on, let n € N, d € N*, and let ¢ be an indeterminate. Set
R:=Clg,q""].

2.1. The Iwahori—-Hecke algebra #,(¢q). The Iwahori-Hecke algebra of type A, denoted by H,(q), is an

R-associative algebra generated by the elements

Gla"'7Gn—1
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subject to the following braid relations:

(2.1) G:G; = G;G; foralli,j=1,...,n—1 with |i — j| > 1,
' GiGi—i-lGi = Gi+1GiGH_1 for all i = 1, N 2,

together with the quadratic relations:

(2.2) G?=1+(¢g—q "G foralli=1,...,n—1

Remark 2.1. If we specialise ¢ to 1, the defining relations (2.1)—(2.2) become the defining relations for the
symmetric group &,,. Thus, the algebra H,(q) is a deformation of C[&,,], the group algebra of &,, over C.

Remark 2.2. The relations (2.1) are defining relations for the classical braid group B, on n strands.
Thus, the algebra H,(q) arises naturally as a quotient of the braid group algebra R[B,] over the quadratic
relations (2.2).

Let w € 6,, and let w = s;, i, ..., be a reduced expression for w, where s; denotes the transposition
(,1+1). We define £(w) := r to be the length of w. By Matsumoto’s lemma, the element G, :== G;,G,, ... G;.
is well defined. It is well-known that the set By, () = {Guw}wes, forms a basis of H,(q) over R, which is
called the standard basis. One presentation of the standard basis is the following:

1<ip<--<ip<n-—1 }

B’Hn(q) = {(GilGil—l~-~Gi1—k1)~~(GipGip—1 -~~Gip—kp) ’ij _ kj >1 V] -1 »

In particular, H,(q) is a free R-module of rank n!.
2.2. The Temperley—Lieb algebra TL, (q). Let i = 1,...,n — 2. We set
Gi,i-‘rl =14 qG; + qGH_l + quiGi+1 + q2G,;+1Gi + qsGiGHlGi = Z qé(w)Gw.

WE(Si,8i+1)

We define the Temperley—Lieb algebra TL,(q) to be the quotient H,(q)/I,, where I, is the ideal generated
by the element Gy 2 (if n < 2, we take I,, = {0}). We have G, ;41 € I, for alli=1,...,n — 2, since

Gii1 = (G1Gy...Gp 1) G120 (G1Gy ... Gy y) ™D,
Jones [Jol] has shown that the set

1<y <<, <n-1
BTLn(q) = {(Gi1Gi1—1 . Gil—]fl) . (GipGip—l .. ~Gip—kp) ‘ =0 =1 }

1§Z.17k1<"'<7:p7kp§7171

is a basis of TL,(¢) as an R-module. In particular, TL, (¢) is a free R-module of rank C,,, where C,, denotes

the n-th Catalan number, that is,
n 2
1 2n 1 n
C, = = — .
n+1(n) nJrlZ(k)

k=0

2.3. The Yokonuma—Hecke algebra Y, ,(¢). The Yokonuma—Hecke algebra of type A, denoted by Y4, (q),
is an R-associative algebra generated by the elements

gl,...,gn_l,tl,...,tn

subject to the following relations:

(b;) 9i9; = 9j9 foralli,5=1,...,n— 1 with |[i — j| > 1,
(by)  9i9i+19i = 9i+19i9i+1 foralli=1,...,n -2,

(23) (fl) titj = tjti for all i,j = 1, ey Ny
(f5) tigi = gits,(5) foralli=1,...,.n—1land j=1,...,n,
(f3) t;l =1 forallj=1,...,n,

where s; denotes the transposition (7,7 + 1), together with the quadratic relations:

(2.4) @Z=1+@q@—qgYHeig foralli=1,....,n—1,



where

=
(2.5) ei = > oty
5=0
Note that we have e? = ¢; and e;g; = g;e; for all i = 1,...,n — 1. Moreover, we have
(2.6) tie; =tir1e; foralli=1,...,n—1.

Remark 2.3. If we specialise ¢ to 1, the defining relations (2.3)—(2.4) become the defining relations for the
complex reflection group G(d,1,n) = (Z/dZ)1S,,. Thus, the algebra Yy ,,(¢) is a deformation of C[G(d, 1, n)].
Moreover, for d = 1, the Yokonuma-Hecke algebra Y; ,,(¢) coincides with the Iwahori-Hecke algebra #,(q)
of type A.

Remark 2.4. The relations (b1), (b2), (f1) and (f2) are defining relations for the classical framed braid
group JF,, = Z1 B,,, where B,, is the classical braid group on n strands, with the t;’s being interpreted as the
“elementary framings” (framing 1 on the jth strand). The relations t‘j = 1 mean that the framing of each
braid strand is regarded modulo d. Thus, the algebra Y, ,(q) arises naturally as a quotient of the framed
braid group algebra R[F,]| over the modular relations (f,) and the quadratic relations (2.4). Moreover,
relations (2.3) are defining relations for the modular framed braid group Fq, = (Z/dZ) B,, so the algebra
Y. (q) can be also seen as a quotient of the modular framed braid group algebra R[F, ] over the quadratic
relations (2.4).

Remark 2.5. The generators g; satisfying the quadratic relation (2.4) were introduced in [ChPdA]. In all
the papers [Ju2, JuLa2, JuLa3, JuLa4, ChLa, GJKL1, GJKL2] prior to [ChPdA], the authors consider the
braid generators g; := g; +(¢—1) e;g; (and thus, g; = g, + (¢~ ' — 1) e;g;), which satisfy the quadratic relation
(2.7) g, =1+(-De+(*—1eg;
and the Yokonuma-Hecke algebra is defined over the ring Cl¢?, ¢~2]. Note that
(2.8) €ig; =qe;g; foralli=1,...,n—1.
Remark 2.6. In [ChPo2, ChPo3], we consider the braid generators g; := qg;, which satisfy the quadratic
relation
(2.9) B=C+ (" —1)ei g,
and the Yokonuma-Hecke algebra is defined over the ring C[g?, ¢ 2]. Note that
(2.10) €;gi = qe;g; foralli=1,....,n—1.

Let w € &,, and let w = s;, 55, ... s;. be a reduced expression for w. By Matsumoto’s lemma, the element
9w = Gi, Jis - - - gi,. is well defined. Juyumaya [Ju2] has shown that the set

By, . ={t1"t5* .. . 13" 90 |0 < ay,az,...,0, <d—1, w € &,}

forms a basis of Y4,(q) over R, which is called the standard basis. In particular, Y4 ,(q) is a free R-module
of rank d"nl.

2.4. The Framisation of the Temperley—Lieb algebra FTL,,(¢). Let i =1,...,n —2. We set

i1 = L+49i + 091 + 091 + o9 + Coigingi = D, g
WE(Si,8i41)
We define the Framisation of the Temperley—Lieb algebra to be the quotient Y ,,(¢)/I4,n, where Iy, is the
ideal generated by the element ejes g12 (if n < 2, we take Iy, = {0}). Note that, due to (2.6), the product
eirez commutes with g1 and with g, so it commutes with g; . Further, we have e;e;119;:41 € Iq,n for all
t=1,...,n— 2, since
eieit19iit1 = (9192 - gn—1) T e1e2912 (9192 - gn—1) 7.

Remark 2.7. The ideal I, is also generated by the element > ., <4 4 915577 g1 0.

s

Remark 2.8. For d = 1, the Framisation of the Temperley—Lieb algebra FTL; ,,(g) coincides with the
classical Temperley—Lieb algebra TL,(q).
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Remark 2.9. In [GJKL2], the Framisation of the Temperley—Lieb algebra is defined to be the quotient
Ya.n(q)/Ia.n, where I, is the ideal generated by the element ejes Gy 2, where

J12=14+G1 + 72 + 79192 + G291 + G19291-
Due to (2.8) and the fact that the e;’s are idempotents, we have ejez gy o = €1€2 91,2, and so lg, = Tin.

Remark 2.10. In [ChPo2, ChPo3], we define the Framisation of the Temperley—Lieb algebra to be the
quotient Y ,(q)/Ian, where I, is the ideal generated by the element ejes g1,2, where

g12 =14+ g1+ g2+ 9192 + 9291 + 19291

Due to (2.10) and the fact that the e;’s are idempotents, we have ejez g1.2 = e1e2 g1,2, and so Iy, = :fdn

3. AN ISOMORPHISM THEOREM FOR THE FRAMISATION OF THE TEMPERLEY—LIEB ALGEBRA

Lusztig has proved that Yokonuma—Hecke algebras are isomorphic to direct sums of matrix algebras over
certain subalgebras of classical Iwahori-Hecke algebras [Lu, §34]. For the Yokonuma-Hecke algebras Y ,,(q),
these are all tensor products of Iwahori—-Hecke algebras of type A. This result was reproved in [JaPdA] using
the presentation of Y4,(¢) given by Juyumaya. Since we use the same presentation, we will use the latter
exposition of the result in order to prove an analogous statement for FTLg ,,(q).

3.1. Compositions and Young subgroups. Let yu € Comp,(n), where

Compgy(n) = {p = (1, p2, - - pta) € N* |y + pio + -+ + pa = n}.

We say that u is a composition of n with d parts. The Young subgroup &,, of &,, is the subgroup &,, x
S, X -+ x 6y, where &, acts on the letters {1,..., 1}, &,, acts on the letters {p +1,..., 1 + po},
and so on. Thus, &, is a parabolic subgroup of &,, generated by the transpositions s; = (j,j + 1) with
jgeJt={1,...,n =1} \ {p, 1 + p2, o pi1 4 pro 4+ 4 pra—1}-

We have an Iwahori-Hecke algebra 7/ (g) associated with &,,, which is the subalgebra of #,,(¢) generated
by {G;|j € J*}. The algebra 7"(q) is a free R-module with basis {G,, |w € &,}, and it is isomorphic to
the tensor product (over R) of Iwahori-Hecke algebras 1, (¢) @ H,,(¢) ® - - ® H,,(q) (with H,,(¢) = R if
wi <1).

For i = 1,...,d, we denote by p,, the natural surjection M,,(q) - Hu,(q)/1,, = TL,,(q), where I,,
is the ideal generated by G, 4.t 141,14 +pmia+2 if g > 2 and I,, = {0} if p; < 2. We obtain that
Pl = puy @ pu, @+ ® py, 1s a surjective R-algebra homomorphism H*(q) — TL"(g), where TL"(g) denotes
the tensor product of Temperley-Lieb algebras TL,, (¢) ® TL,,(q) ® - -- ® TL,,(q).

3.2. An isomorphism theorem for the Yokonuma—Hecke algebra Yy, (q). Let {&,...,&} be the
set of all d-th roots of unity (ordered arbitrarily). Let x be an irreducible character of the abelian group
Agn = (Z/dZ)" generated by the elements t1,ts,...,t,. There exists a primitive idempotent of C[Ag,]
associated with y defined as

n
E, = H <
j=1
Moreover, we can define a composition X € Comp,(n) by setting

pr=#{je{l,....,n}|x(t;) =&} foralli=1,...,d

Conversely, given a composition u € Comp,(n), we can consider the subset Irr” (Ag,y) of Irr(Ag,,) defined

Ul =

d—1 n d—1
) x(ti)t?_5> -1I (; > x(tj>8t;?—5> .
s=0

j=1 s=0

as
II‘I‘“(Ad’n) = {X c Irr(Ad’n) |/J/X — M}

There is an action of &,, on Irr*(Ag,,,) given by

w(x)(tj) == x(tw-1¢) foralwe&,,j=1,...,n.
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Let x} € Irt*(Ag,,) be the character given by

X7 (t) = = XY () = &
Xlll(tlu-l-l) = = XT(tul-‘r,LQ) = &
le(tul+ﬂ2+1) = = X/f(tu1+#2+u3) = &3
X1 (bt g 41) = o = XY (tn) = &

The stabiliser of x/ under the action of &,, is the Young subgroup &,,. In each left coset in &,,/S,,, we can
take a representative of minimal length; such a representative is unique (see, for example, [GePf, §2.1]). Let

{Wu,l’ T2+ -5 7TM,mu}

be this set of distinguished left coset representatives of &,,/S,,, with

n!
my = —————————
B ol pg!
and the convention that 7, ; = 1. Then, if we set
i i=muk(xy) forallk=1,...,m,,

we have
I (Agn) = {X0 X555 X0, b
We now set
- Y B-YE
XELT (Aqg, ) k=1
Since the set {E, | x € Irr(Ag,)} forms a complete set of orthogonal idempotents in Yq ,,(g), and
(3.1) tiE, = Ext; = x(t;)Ey and g,Ey = Eyi)9uw

for all x € Irr(Ag,n), j =1,...,n and w € &,,, we have that the set {E, | u € Comp,(n)} forms a complete
set of central orthogonal idempotents in Yq,(g) (cf. [JaPdA, §2.4]). In particular, we have the following
decomposition of Ygq ,(¢) into a direct sum of two-sided ideals:

Yd,n(q) = @ Equ,n (Q)
pn€Compy(n)

We can now define an R-linear map

W, : E,Yqn(q) — Maty,, (H"(q))

as follows: for all k € {1,...,m,} and w € &,,, we set
\IJP«(EX;:QU)) = Gﬂ;jcw‘n'u,levl ’
where [ € {1,...,m,} is uniquely defined by the relation w(x}') = x/ and My is the elementary m, x m,

matrix with 1 in position (k,1). Note that w;}cwwu,l € 6,. We also define an R-linear map
®,, : Mat,,, (H"(q)) = E.Yan(q)

as follows: for all k,l € {1,...,m,} and w € &, we set
©u(Gu M) = By gt By

Then we have the following [JaPdA, Theorem 3.1]:

Theorem 3.1. Let ;1 € Compy(n). The linear map ¥, is an isomorphism of R-algebras with inverse map
®,. As a consequence, the map

Vin= @ 9.:Yanle)—» B  Maty, (%" ()

neCompy,(n) neCompy,(n)
6



is also an isomorphism of R-algebras, with inverse map

By, = GB d, : GB Mat,,, (H"(q)) = Ya,n(q)-

p€Compy(n) pE€Compy(n)
Remark 3.2. In [ChPo3], we show that we can construct similar isomorphisms over the smaller ring
C[q?, ¢~ 2] when we consider the generators g; := qg; and G; := ¢G;. Note that

Vu(Exp Gu) = qz(w)ie(ﬂ;}"wﬁ“’l)é —1 M,

ﬂ-lhku’ﬂ.“*l )

and
~ M o(w)—0(x L wr ~
(I);L(Gw k,l) =q (w)=4( pok M’Z)Exf:grru,kw‘rf%Exf'

In order to do this, we make use of Deodhar’s lemma (see, for example, [GePf, Lemma 2.1.2]) about the
distinguished left coset representatives of &,,/6,,:

Lemma 3.3. (Deodhar’s lemma) Let p € Compy(n). For all k € {1,...,m,} and i =1,...,n—1, let
le{l,....,m,} be uniquely defined by the relation s;(x}') = x%. We have

1 ifk#I;
71';7}€81'7T#,l =
s;  ifk=1,
for some j € J*.
Deodhar’s lemma implies that, for all i = 1,...,n — 1, ¥,(E,g;) is a symmetric matrix whose diagonal

non-zero coefficients are of the form G; with j € J*, while all non-diagonal non-zero coefficients are equal
to ¢. Thus, if consider the diagonal matrix

My
Uy =D q""™") My,
k=1

the coefficients of the matrix U, W, (E,g;)U, " satisfy:

(U (Bug) U kg = ) = ) (W, (B,Gi) e

for all k,1 € {1,...,m,}. Therefore, following the definition of ¥, and Deodhar’s lemma, the matrix
U,¥,.(E,g:)U; " is a matrix whose diagonal coefficients are the same as the diagonal coefficients of W, (E,g;)

(and thus of the form éj with j € J#), while all non-diagonal non-zero coefficients are equal to either 1 or
q%. Moreover, since, for all j = 1,...,n,

is a diagonal matrix, we have U, ¥, (E,t;)U; "' = W, (E,t;). We conclude that the map

U, : B,Yan(q) = Mat,,, (H*(q))
defined by
U, (E,a) = U,V,(E,a)U, ",
for all a € Yq.,(q), is an isomorphism of C[g?, ¢~ 2]

$, : Mat,,, (H"(q)) = E,Yan(q)

-algebras. Its inverse is the map

defined by
D, (A) =@, (U AU,),
for all A € Mat,,,,(H"(q)). As a consequence, the map
\I’d’n = @ {IVJM : Yd)n(q) — @ Matm“ (H“(q))

neCompy,(n) neCompy,(n)
7



is also an isomorphism of C[q?, ¢ 2]
(I)d,n = @ (AI;M : @ Matm (H ( )) —Yq ”( )

n€Compy(n) pE€Compy,(n)

3.3. From FTL,;,(q) to Temperley—Lieb. Recall that FTLg ,(q) is the quotient Y4 ,,(¢)/I4,n, where Iy,
is the ideal generated by the element ejes g12 (with Iy, = {0} if n < 2). Let p € Compy(n). We will study
the image of ejez g1,2 under the isomorphism ¥,,.

By (3.1), foralli=1,...,n—1 and x € Irr(Ag,,,), we have

-algebras, with inverse map

By if x(ti) = x(tiv1);

1 - d—s
(3.2) e = Byei = =) j (tis1) B, =
=0 0 if x(t:) # x(ti1)-

We deduce that, for all k =1,...,m,,

Bz if Xj (1) = X} (t2) = X (t3);
(3-3) EX“€1€291,2 =
* 0 otherwise .

Proposition 3.4. Let p € Compy(n) and k € {1,...,m,}. We have

GiitiMyy  for some i€ {1,...,n—2} if xj(t1) = x4 (t2) = X% (t3);
U (Eyrereagr o) =
0 otherwise .

Thus, ¥, (E,e1e2g1,2) is a diagonal matriz in Mat,,  (H*(q)) with all non-zero coefficients being of the form
Gii+1 for somei e {1,...,n—2}.

Proof. If x(t1) = x4 (t2) = X% (t3), then w(x}) = x4 for all w € (s1,s2) € &,,, and so

(3'4) \IIN(EXZQLQ) = Z ‘P“(Exﬁgw) = Z Ty, kww“ k k’k'
(s1,82)

weE(s1,52) we
We will show that there exists ¢ € {1,...,n — 2} such that
Z Grtwm,, = Giitl:
wWE(s1,52)
By Lemma 3.3, there exist 4,5 € J* such that
7r;}€sl7rﬂ_,k =s; and 7%2327@,;6 = 5;.

—1 o —1 _ —1 _ 3
Consequently, T,k S152T ke = SiSj, T, 1 S2S1Ty k = 555i and T, k515251 My | = SiS;Si. Moreover, since s; and
s9 do not commute, s; and s; do not commute either, so we must have j € {i —1,7+1}. Hence, if j =47 —1,

then
Z Gﬂ';}kwﬂ%k = Gi—lﬂ"

wE(s1,52)

while 1fj =i+ 17 then
Z G”;,lkw‘”u,k = Gi,i+1~

weE(s1,52)
We conclude that there exists i € {1,...,n — 2} such that
Z Gﬁiwm,k = Giit1,
weE(s1,52)
whence we deduce that
Uu(Eyeg1,2) = Giiv1 M-
Combining this with (3.3) yields the desired result. O



Example 3.5. Let us consider the case d = 2 and n = 4. We have

(mpu) € {((4,0),1),((3,1),4),((2,2),6), ((1,3),4), ((0,4), 1) }.

Then
G12 lfM:(470) OIIU/:(O’4)7

)

G12M11 1f,u:(3,1)andk:=1,

‘I’u(EXg€1€291,2) =
G273 M4’4 if o= (1,3) and k=14 y

0 otherwise ,

where we take (1 3) 4 = $35251-

Now, recall the surjective R-algebra homomorphism p* : H*(q) — TL"(q) defined in §3.1. The map p*
induces a surjective R-algebra homomorphism Mat,,, (H*(q)) - Mat,, (TL"(q)), which we also denote by
p*. We obtain that

P oV, : By Yan(q) — Matm, (TL"(q))

is a surjective R-algebra homomorphism.

In order for p o ¥, to factor through E,Yq(q)/Eulan = E,FTLgn(q), all elements of E, 14, have to
belong to the kernel of p* oW ,,. Since I, is the ideal generated by the element eje2g1 2, it is enough to show
that (p* o ¥, )(e1e2g1,2) = 0. This is immediate by Proposition 3.4. Hence, if we denote by o* the natural
surjection E,Yqn(q) = EuYan(q)/Eulan = E,FTLg,(q), there exists a unique R-algebra homomorphism
Yy : B, FTLgy(q) — Mat,,, (TL"(g)) such that the following diagram is commutative:

E,Yan(q) T, Mat,, (H"(q))
(3.5) i i
E,FTLq.,(q) e Mat,y,, (TL"(g))

Since p* o ¥, is surjective, 1,, is also surjective.

3.4. From Temperley—Lieb to FTL,;,(¢). We now consider the surjective R-algebra homomorphism:
o' o ®, : Mat,,, (H"(q)) — E.FTLyx(q),

where ®,, is the inverse of ¥,. In order for ¢" o ®, to factor through Mat,,, (TL"(q)), we have to show
that G; ;41 M}y, belongs to the kernel of ¢ o @, for all ¢ = 1,...,n — 2 such that G; ;11 € H"(¢) (that is,
{i,i4+1} € J") and for all k,l € {1,...,m,}. Since

GiitaMy = My 1Gi i1 M1 My

and ¢" o @, is an homomorphism of R-algebras, it is enough to show that (o o ®,)(G;i+1M11) =0.
Let i =1,...,n — 2 such that G, ;11 € H"(q). By definition of ®,, and since 7,1 = 1, we have

(36) D(Giiv1 M) = Eyegiiv1 By
Now, since G; 41 € H*(q), there exists j € {1,...,d} such that p; > 2 and G;41 € Hy,(q), that is,
ie{p+ - +puj1+1,. .m0+ +pj—1 + pj — 2} By definition of x4, we have
le(tu1+'~~+uj—1+1) == XﬁL(tm-i-m-ﬁ-wﬂ-Htj) =&,

whence

X1 () = X5 (tiv1) = X (tiv2) = &
Following (3.2), we obtain

(I),u(Gi,iJrlMl,l) = Exg‘gi,z‘HExi; = EXTeieiJrlgi,iJrlEX*l“

Since e;e;419i,i+1 € Iqn, we deduce that (o o ®,)(G;i+1M1,1) = 0, as desired.
9



We conclude that there exists a unique R-algebra homomorphism ¢, : Mat,,, (TL"(¢)) = E,FTL4x(q)
such that the following diagram is commutative:

éli
Equ,n(q) -~ Mat’mu (H# (q))
(3.7) igu ipu
E,FTLq.,(q) L Maty,, (TL" ()

Since ¢* o ®,, is surjective, ¢, is also surjective.
3.5. An isomorphism theorem for the Framisation of the Temperley—Lieb algebra FTL,,(q).
We are now ready to prove the main result of this section.

Theorem 3.6. Let ;1 € Comp,(n). The linear map v, is an isomorphism of R-algebras with inverse map
¢u. As a consequence, the map

Yan = D ¢u:FTLanle) = @  Maty,, (TL (q))

n€Compy(n) n€Compy(n)

is also an isomorphism of R-algebras, with inverse map

$an= P ¢u: €  Maty, (TL*(g)) = FTLan(q)-

neCompg(n) n€Compg(n)

Proof. Since the diagrams (3.5) and (3.7) are commutative, we have

ploW, =14¢,0p0" and o"od®,=¢,0p".
This implies that

ploV, od, =4y, o0p,0p! and ¢"o®,0V,=¢, 01,0 0"

By Theorem 3.1, ¥, 0 ®,, = idMath (Hu(q)) and @, 0¥, =idg,v, , (q), Whence

plr=1vuoduopt and o =¢,o0t, 00"
Since the maps p* and " are surjective, we obtain

Ypodu = idMath (TLi(q)) and ¢, 0¥, =idg,FrL,, (9);

as desired. O

Remark 3.7. In [ChPo3], we show that we can construct similar isomorphisms over the smaller ring
C[q?, g~ 2] when we consider the generators g; = qg; and G; = qG;. For this, we use the presentation
of FTLg»(q) given in Remark 2.10 and the isomorphisms ¥, and ®, defined in Remark 3.2.

3.6. A basis for the Framisation of the Temperley—Lieb algebra FTL,;,(g). We recall that in §2.2
we defined a basis Bry,, (4) for the Temperley-Lieb algebra TL,,(¢). Thanks to Theorem 3.6, we obtain the
following basis for FTLg4,(¢) as an R-module:

Proposition 3.8. The set
{¢H(b1b2 by My) | i € Compy(n),b; € Bry,, (g for alli=1,...,d,1 <k, < m“}
is a basis of FTLg,(q) as an R-module. In particular, FTLg ,(q) is a free R-module of rank

Z mi CMCN2 "'CMd'

pEComp,(n)
10



4. MARKOV TRACES AND LINK INVARIANTS

The presentation for the Temperley—Lieb algebra given in §2.2 is due to Jones, who used a Markov trace
defined on it, the Jones—Ocneanu trace, to construct his famous polynomial invariant for classical links, the
Jones polynomial [Jo2]. A similar construction on the Framisation of the Temperley—Lieb algebra yields
invariants for framed and classical links [GJKL2]. In this section, we will relate the latter to the Jones
polynomial using the isomorphism of Theorem 3.6.

4.1. The inductive Jones—Ocneanu trace. Using the natural algebra inclusions H,(q) C Hn+1(q) for
n € N (setting Hn(g) := R for n < 1), we can define the Jones-Ocneanu trace on J,,,Hn(q) as follows
[Jo2, Theorem 5.1]:

Theorem 4.1. Let z be an indeterminate over C. There exists a unique linear Markov trace
.+ |J Hnlq) — R[]
n>0

defined inductively on H,(q), for all n > 0, by the following rules:

(1) = 1 1€ Hnlq)
7.(ab) = 7.(ba) a,b e Hy(q)
Tz(aGn) = ZTZ(Q) ac Hn(‘])

It is easy to check (by solving the equation 7,(Gi2) = 0) that the trace 7, passes to the quotient
Temperley-Lieb algebra TL,(¢q) if and only if

1 1 .
= =_ or z=— .
?lg+q") ¢#+1 I
The second value is discarded as not being topologically interesting. For z = —(¢* 4+ 1)7!, we will simply

denote 7, by 7.

Recall that we denote by p, the natural surjection H,(¢) - Hn(q)/In = TL,(g). Let us denote by
o1,...,0,_1 the generators of the classical braid group B, such that the natural epimorphism é,, : RB,, —
H.(q) is given by 6,,(0;) = G;. Then p,, 0 d,, : RB,, - TL,(q) is also an epimorphism.

Let now L denote the set of oriented links. For any o € B,,, we denote by @ the link obtained as the closure
of a. By the Alexander Theorem, we have £ = U,{a |« € B, }. Further, by the Markov Theorem, isotopy
of links is generated by conjugation in B,, (a3 ~ Ba) and by positive and negative stabilisation (o ~ ao;t!).
Jones’s method for constructing polynomial link invariants consists of normalising and re-scaling 7 with

respect to the latter: For any a € B,,, let
Va(@) = (—g — )" 2¢2 (7 0 p, 0 8,)(a)
where €(a) is the sum of the exponents of the braiding generators o; in the word . Then the map
Vo L= R, a— V()
is an 1-variable ambient isotopy invariant of oriented links, known as the Jones polynomial (cf. [Jo2]).

Example 4.2. We consider the Hopf link with two positive crossings, which is the closure of the braid
0? € By. We have

V) = Ca—a (@) =~ g et (1= ) e - P =

FiGure 1. The Hopf link with two positive crossings.
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Remark 4.3. More generally, for any value of z, the trace 7, can be normalised and re-scaled with respect
to positive and negative stabilisation as follows: For any o € B,,, let

Py (@) == Af (VAE) ) (120 00) ()
where )
z—(g—q7") 1
_— d Ay := .
z an H zZ\/ )\H

>\H =

Then the map
+1
P,.:L— R \/Au |, am Py .(Q)
is a 2-variable invariant of oriented links, known as the HOMFLYPT polynomial (cf. [HOMFLY, PT]). For
z=—(*+ 1)1, we get \y = ¢* and Ay = —¢ — ¢~!, whence P, . = V.

4.2. The stabilised Jones—Ocneanu traces. Instead of normalising and re-scaling the Jones—Ocneanu
trace 7, we can consider a family of traces 7 : H,(¢) — R for n € N that are stabilised by definition.
However, for any a € H,(q), we have 7"(a) # 7" (a).

More specifically, let us consider the Iwahori-Hecke algebra #,,(¢q) with braid generators G’ := ¢*G;.
These satisfy the quadratic relation

(4.1) G =q¢"+*g—q MG,
We then have the following (see, for example, [GePf, Theorem 4.5.2]):

Theorem 4.4. There exists a unique family of R-linear Markov traces 7 : H,(q) — R such that

(1) = 1
T (ab) = 71"(ba) a,b € Hn(q)
T (aGy) = ™ HaGLTY) = (a) a € Hn(q).

Moreover, we have 7" 1 (a) = (—q — ¢~ 1)7™(a) for all a € H,(q).
We observe that
Gio=1+q"'G1+q "Gy +q GG + ¢ 2GLGT + ¢ °GLGLGY.

We have
(1) = (—q—q¢ )P (1) =¢+2+¢?
™(G) = (—q—q¢ )7 (G) =(—¢—q¢ )T (1) =—q—q!
(Gy) = ) =(-q—-q¢ ") (1) =—-q—q
GGy = TG =T1(1)=1
(GG = TG =T(1) =1
(GGG (G = ¢* 72 (1) + ¢* (g — ¢ )T (GY) = —¢° — ¢
whence

Since we have
M(G1) = (—q—q )" (Gr2),
the trace 7™ factors through the Temperley—Lieb algebra TL,(¢) for all n € N. Further, if we consider the
natural epimorphism ¢/, : RB,, - H,(q) given by ¢’(0;) = G, we have [Jo2, §11]:
(4.2) (1" 0 pp 0 0)) () = V(@) for all a € B,y,.

Example 4.5. We have
2
(7 0 pr 0 )(03) = 7(C1) = ¢ —a.
Remark 4.6. More generally, for any value of z, if we consider the braid generators G := \/AgG;, where

1
Ag = %, and we define a family of stabilised Jones—Ocneanu traces (77),ecn as in Theorem 4.4, with

7+ (a) = (V2Ag) 177 (a) and with values in R[z*1, \/)\Hil], then we have [Jo2, (6.2)]:

(17 00))(a) = Py .(a) forall o€ B,.
12



4.3. The inductive Juyumaya trace. An important property of the Yokonuma—Hecke algebra is that it
also supports a Markov trace defined for all values of n. More precisely, due to the inclusions Y4, (¢) C
Yant1(q) (setting Yq0(q) := R), we obtain (cf. [Jul, Theorem 12]):

Theorem 4.7. Let z, x1,...,x4-1 be indeterminates over C. There exists a unique linear Markov trace
trq . : U Yd,n(Q) — (C[Z,.’El, ey a:d,l]
n>0

defined inductively on Yq.,(q), for all n > 0, by the following rules:

trg-(1) = 1 1€ Yan(q)
trg.(ab) = trg.(ba) a,b€Yqn(q)
trg.(agn) = ztrg.(a) a€Yan(q)
tra.(atk ) = wzptre.(a) a€Yqn(q) 1<k<d-1).

Remark 4.8. Note that, for d = 1, the trace tr; . is defined by only the first three rules. Thus, tr; coincides
with the Jones-Ocneanu trace 7, on the Iwahori-Hecke algebra H,,(q) = Y1 ,(q).

The values of the parameters for which the trace trg . passes to the quotient algebra FTL,,,(q) are given
in [GJKL2, Theorem 6]; their determination is not straightforward as in the classical case. However, not all
of them are topologically interesting.

First, let us denote by g4, the natural surjection Yg,(q) = Yan(q)/lin = FTLgn(q). Recall that
we denote by F, the classical framed braid group. We have F, & Z B,, and there exists a natural
epimorphism 4, : RF,, — Ya,(q) given by vq4.,(0;) = ¢; and 7477l(t?) = tf(mOd D for all k € Z. The map
Odn © Vdn : RFn — FTLg ,(q) is also an algebra epimorphism.

Let now Ly denote the set of oriented framed links. By the Alexander Theorem, we have L; = U, {a|a €
Fn}. Further, by the Markov Theorem for framed links [KoSm, Lemma 1], isotopy of framed links is
generated by conjugation in F,, (a8 ~ Ba) and by positive and negative stabilisation (a ~ aor!), for any
n. In view of all this, Juyumaya and Lambropoulou [JuLa2] attempted to normalise and re-scale the trace
try . in order to obtain invariants for framed knots and links following Jones’s method; they discovered that
this is the only Markov trace known in literature that cannot be re-scaled directly. They showed that trg .
re-scales when the parameters (zx)1<k<d—1 satisfy the following system of equations, known as the E-system:

d—1 d—1
(4.3) Zxkﬂxd,s =3 stxd,s (I1<k<d-1),
s=0 s=0

with £g = 24 = 1. The solutions of the E-system where computed by Gérardin in the Appendix of [GJKL2]
and they are parametrised by the non-empty subsets of Z/dZ: If D is such a subset, then

1 2mijk
= — <k<d-1).
Tk D] g exp( 7 ) (1<k<d-1)

jeD

For the rest of the paper, D will denote a non-empty subset of Z/dZ and (x1,...,24-1) will be the
corresponding solution of the E-system. We will denote by try p . the Juyumaya trace with these parameters
and we will call it the specialised Juyumaya trace. We have trq p .(e;) = 1/|D| =: Ep for all i. According
to [GJKL2, (7.7)], the trace trq p , passes to the quotient algebra FTLg ,(q) if and only if

Ep Ep _Ep

?(g+q7t) g+l 7 q
The second value is discarded as not being topologically interesting. For 2 = —Ep(¢®+ 1)1, we will simply
denote trg p . by trq,p. Normalising and re-scaling try p with respect to positive and negative stabilisation
yields the following: For any o € F,, let

1

-1

_ +q"\"

ba0al@) = (-5 (100 g1 070)(@)
D

where €(«) is the sum of the exponents of the braiding generators o; in the word «. Then the map

Gd,D,q Lf = R, & ¢a,p,q(a)
13



is an 1-variable ambient isotopy invariant of oriented framed links [GJKL2, (7.8)].
We denote by 04 p 4 the restriction of ¢4 p 4 to the set L of classical links; the map 04 p 4 is an 1-variable
ambient isotopy invariant of oriented classical links.

Example 4.9. We consider the classical Hopf link with two positive crossings. We have

= q+q! q+q? qg—q YHEp ¢+ ¢
04,p,4(07) = (_ Ep ) q4tfd,D(g%) = <_ E, > ¢ (1 - (qQ(q + q)—l) = Ep +¢° —q.
2

We now consider the framed Hopf link with framings 0 and 1. This is the closure of the framed braid t207.
Note that (trq,p © 0an © Yan)(t20?) = tra p(t29?) = tra,p(g1t191) = tra,p(t197) = (tra,p © 0dn © Yan)(t107).
We have

—1
_ q—q )E
tra,p(t197) = trap(t) + (¢ — ¢~ trap(tieigr) = trap(t) (1 - M)) = z1trq,p(97)-

We deduce that

— qg+q" ¢° +q°
$4,0,q4(t207) = | ————— ) ¢"trap(t297) = 110a,p,4(0F) =21 | ——F— + ¢’ —q .
Ep Ep
Remark 4.10. More generally, for any value of z, the trace trg p . can be normalised and re-scaled with
respect to positive and negative stabilisation as follows: For any a € F,,, let

Dupg-(@) = A5 (VAD) (trap.. 0 Yan)(a) ,

where

|

z=(a-gq)Bp and Ap = 1 .
z 2\ Ap

)\D =

Then the map

+1. R
(I)d,D,q,z : ﬁf — R[Zil, VAD ], o — @d’D’q,Z(a)

is a 2-variable invariant of oriented framed links [CJKL, Theorem 3.1]. For z = —Ep(¢® + 1)71, we get
Ap =q* and Ap = —(q¢+ ¢ ')/Ep, whence ®y4.p 4. = ¢a.D.q-

We denote by Og4 p,q,. the restriction of ®4 p, . to the set L of classical links; the map ©4 p 4. is a
2-variable invariant of oriented classical links. For z = —Ep(¢® + 1), we have Oy p ¢ = 04.D.¢-

Remark 4.11. Using the same construction, but replacing the generators g; with the generators g; :=
gi + (¢ — 1) €;9;, Juyumaya and Lambropoulou defined 2-variable invariants for framed [JuLa2] and classical
[JuLa3] links from the specialised Juyumaya trace on the Yokonuma-Hecke algebra Yy, (¢). Considering
the specialised Juyumaya trace on FTLg,(q), but replacing again g; with g;, Goundaroulis, Juyumaya,
Kontogeorgis and Lambropoulou defined 1-variable invariants for framed and classical links in [GJKL2]. As
shown in [CJKL, Section 8], these invariants are not topologically equivalent to the ones we define in this
paper. There is no such issue when replacing g; with g; := qg; or with g} := ¢%g;.

Remark 4.12. For d = 1, we have 0; (0, , = V, and O (0} 4. = Py.. More generally, when |D| = 1, it
was shown in [ChLa] that the invariants 64 p 4 and ©g p g . are equivalent to the Jones and HOMFLYPT
polynomials respectively.

4.4. The stabilised Jacon—Poulain d’Andecy traces. Similarly to the Jones—Ocneanu trace, instead of
normalising and re-scaling trq,p, we can consider a family of traces try 5 : Yan (¢) = R for n € N that are
stabilised by definition. However, for any a € Y4,,(g), we have try p(a) # trZEl (a).

More specifically, let us consider the Yokonuma-Hecke algebra Y4, (¢q) with braid generators ¢} := ¢2g;.

These satisfy the quadratic relation

/

2 _
(4.4) 97 ="+ (g —q Veig,.

We then have the following (see also [JaPdA, §5.2], [PdA, §5.2]):
14



Theorem 4.13. There exists a unique family of R-linear Markov traces trg p Yan(q) = R such that

tr}i p(1) =1
trgo( b) = trgp(ba) a,b € Yqn(q)
tr"+1(agn) = tr"+1(agn 1) = trg)D(a) a€Yqn(q)
trZEl (at’,jﬂ) = xktr”+1(a) a€Yqn(q) (1<k<d-1).

Moreover, we have tr"“(a) =(—q— qil)EgltrgﬁD(a) foralla € Yq,(q).
First of all, note that
-1 _
‘g, =gn—d’(a—a en
Therefore, for all a € Yq,,(q), we have

¢*(¢— g g (aen) =t (agh) — ¢*uly ) (agl, ™) = (1= ¢4t p(a),

whence
(4.5) trsfg (aen) = (—q — q_l)trs,D(a) = EDtrZ’Bl(a).
Moreover,
1
(4.6) tr:l’fl aengh,) = Ztr”"’l atd gl td=%) = EZtrg,D(athti_s) = try p(a).
s=0

Now, we observe that

ge=1+q"g +a g5 +qa2g1gh + a 9591 + a2 919591
We have
try pleres) = (—q—q g pler) = (—q—q )ty p(1) = ¢ +2+4¢ 7>
td plereag)) = (—a—q 03 plerg)) = (—q— gk p(1) = ¢ — ¢
tl”37D(‘3162 ) = trg,D(el) =(—q—q 1)tr(11,D(1) =—q—q"
tr(g,D(ele291 5) = tripleigy) =try p(1) =
trd p(ereaghgl) = trg,D(elg’lg =tryp(l) =1
trd p(e1e2g19591) trg plergy”) = ¢*trd pler) + > (¢ — ¢ " )trd plergh) = —¢° — ¢
whence

trg7D(€1€2g1,2) =@ 4+24+q¢2-2-202+2¢?-¢>*—q % =0.

Since we have

-3
g+q"\"
trg p(ereagi2) = <E) trd p(ereagr2),
D

the trace try ,, factors through the Framisation of the Temperley-Lieb algebra FTLg,(q) for all n € N.
Further, if we consider the natural epimorphism ~; ,, : RF, = Yan(q) given by v, (0;) = g; and fy(’i’n(t?) =

tf(m‘)d D for all k € Z, we have [PdA, Remarks 5.4]:

(4.7) (trg p © @dn © 'yél’n)(a) = ¢apq(@) foral aeF,.
Example 4.14. We have

5 3
2 _ q° +q
(tr7.p 0 0a2072)(07) = trd plgr”) = trd pld* + ¢* (¢ — ¢ Hergy) = — 5t 7 —q.

and

5, 3
2 _ q q
(tr?l,D © 04,2 © 7&,2)(752‘7%) = tr?i,D(tlgi ) = q4tr?l,D(tl) +4¢*(g—q 1)t1”(11,D(t1) =1 (—D +q¢° - Q) .

15



Remark 4.15. More generally, for any value of z, if we consider the braid generators g, := /Apg;, where

-1
Ap = M, and we define a family of stabilised Jones-Ocneanu traces (trf; p, _)nen as in Theorem

4.13, with tj 15 _(a) = (VzAp) ~'tr} 5, (a) and with values in R[z*!, s/)\Dil], then we have [PdA, Remarks
5.4]:
(trd,p,- © Yan)(@) = Papq-(d) forall o€ Fp.

4.5. Connecting the invariants with the use of the isomorphism theorem. In this last subsection,
we will only be interested in invariants of classical links. The invariants ©4,p 4, and 84, p 4 of §4.3 have been
further studied in [CJKL] and [GoLa] respectively. where their following properties have been proved:

(P1) They do not depend on d and D, but only on the cardinality of D (and equivalently on Ep).

(P2) They can be generalised to skein link invariants where Ep is taken to be an indeterminate.

(P3) They are not topologically equivalent to the HOMFLYPT polynomial and the Jones polynomial
respectively.

We will illustrate point (P3) for the invariant 64 p ¢ with the following example.

Example 4.16. We consider the link L := LLL(0) of [EKT] with the orientation of Figure 2. This is a
3-component link, whose components are one left-handed trefoil (T) and 2 unknots (Ul and U2). The link
L has the same Jones polynomial as the disjoint union of 3 unknots, even though it is not topologically
equivalent to it. We have:

Vo(L) = (¢+¢7")* = Vy(1s,)
Now, the link L is the closure of the following braid:

20510f102030530302040302 € Bs.

o lojoy 0y oyl
In order to compute 84 p , on the closure of this braid, we used the program designed for this reason by
Karvounis [Ka], which is available at http://www.math.ntua.gr/~sofia/yokonuma. We have that 4 p 4(L)
is equal to:

g+qt
EQDqll

We observe that for Ep =1, 04.p,q(L) = V4 (L). Moreover,

V(L) + (Ep — 1)

(ED (q16 _3q14+2q12 _5q10+6q8 _4q6+4q4 _5q2 +2) _q10 _q8 _q6+q2) .

a+a "\’
bu.00(Tm) = (-5 ) = B (I

and so 04 p q distinguishes two links that the Jones polynomial cannot distinguish.

/A‘UZ

(A

A
\1\[\\
Ny

FIGURE 2. The link LLL(0).
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In the Appendix of [CJKL], Lickorish gave a closed combinatorial formula for computing the value of
O4,D,q,- 00 a link L which involves the HOMFLYPT polynomials of all sublinks of L and linking numbers
[CJKL, Theorem B.1]. A specialisation of the above formula for z = —Ep(q® + 1)~! yields a similar result
for the invariant 64 p 4 [GoLa, Corollary 2]. Lickorish’s formula for ©4 p 4, was independently obtained by
Poulain d’Andecy and Wagner [PdAWa] with the use of Theorem 3.1. In this section, we will obtain the
corresponding formula for 64 p , with the use of our Theorem 3.6.

First of all, due to property (P1), we can restrict our study to 04, := 04,2/4z,q- In this case, Ep = 1/d.
We have already seen that the stabilised Jones—Ocneanu traces defined in Theorem 4.4 factor through the
Temperley—-Lieb algebra. Thus, one can define on

D  Matn, (TL(@) = P Maty, (TLy, (9) © Thy, () @ -+ @ TLyy (4))
neComp,(n) peCompy(n)

the trace
Z (Tﬂl ® TH? PR Tﬂd) o TrMatmu
n€Comp, (n)
where TrMatm“ denotes the usual trace of a matrix. By [JaPdA, §6], the map

Tig:L—R, ar Z (T @7 ® - @ 7"") 0 Trmat,,, © (Yd,n © 0dn © Van) ()
n€Compgy(n)

is an 1-variable invariant of oriented classical links. This in turn implies that, for a given oriented link L, we
have [PdAWa, Corollary 4.2]:

(4.8) Tiq(L)=dy ¢ ™Vy(xL)

where the sum is over all partitions 7 of the components of L into d (unordered) subsets, V,(wL) is the
product of the Jones polynomials of the d sublinks of L defined by m and v() is the sum of all linking
numbers of pairs of components that are in distinct sets of 7.

Remark 4.17. Note that the sum of linking numbers appearing in [PdAWa, Corollary 4.2] is twice the sum
of linking numbers v(7), as defined in [CJKL, Theorem B.1] and here.

We then obtain the following closed combinatorial formula for g 4.

Proposition 4.18. Let L be an oriented link with m components. Then

(19 R e e R
k=1 ’

Proof. Recall that 6qq(L) = (tr 7,47 © 0dn © Vg,,)(cx), where v € By, is such that & = L. Then, by [PdA,
Proposition 5.5], we have

0000 = 33 () (-0 = a7 M i) = 3 s (a0 Ty (1),

k=1 k=1
and so (4.9) holds. O

Remark 4.19. Because of property (P2), Formula (4.9) is still valid if we replace the integer d by an indeter-
minate (corresponding to E,'). The standard notation used for this generalised invariant is 6 (cf. [GoLal).

Example 4.20. We will use Formula (4.9) to compute the value of 84, on the Hopf link with two positive
crossings. The Hopf link has two components, each of them being an unknot, and linking number in(Hopf) =
1. Formula (4.9) in combination with Equation (4.8) reads:

Oaq(Hopf) = Vy(Hopf)+ (d—1)(—q— q’l)q4l”(H°pf)V(1(Unknot)2
= - —q+d—"-PF)+ P+ = —q—d® +¢*)

since V;(Unknot) = 1. This coincides with the value that we found in Example 4.9 for Ep = 1/d.
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Example 4.21. We will now use Formula (4.9) to compute the value of 64, on L := LLL(0) of Figure 2.
We will denote by TU1 (respectively TU2) the 2-component link obtained when removing the component
U2 (respectively U1) from L, and by U2 the 2-component link obtained when removing the component T
from L. We have used the programming language SAGE [Sage] to compute the Jones polynomials of these
three 2-component links, while it is easy to determine their linking numbers by hand. We have:

V,(TUL) = —¢ 3@+ +¢*-1) and In(TU1) = 2
(4.10) Vo(TU2) = —¢ P[0 +¢*+¢*—1) and In(TU2) = -2
Vo(Uh?) = ¢3¢+ +¢*—1)-2(¢+q) and In(U“?) = 0.
Formula (4.9) in combination with Equation (4.8) reads:
Oaq(L) = Vo(L)+
+(d = 1)(—q — g~ H)g*TUDHUEN Y (TUL)V, (U2)+
H(d = 1) (=g = g~ g IO, (TU2)V, (UD)+
( )( qg—q 1)q4 TU1)+ln(TU2))V (U172)Vq(T)+
+(d = 1)(d = 2)(—g — g 1)2q InTUDHTUD U Y, (T) Y, (U1)V, (U2)
Using the fact that V;(Ul) = V,(U2) = 1, since Ul and U2 are unknots, and replacing the linking numbers

with their values from (4.10), we obtain that 4 4(L) is equal to:

Vo(L) = (d=1)(q + ) (q Vo(TUL) + ¢°Vy(TU2) + Vo (UM)Vy(T)) + (d — 1)(d = 2)(g + ¢~ 1) Vo (T).

Moreover, since T is a left-handed trefoil knot, we have V,(T) = g 24 ¢ % — ¢ 8. Using also the values for

V,(TU1), V,(TU2) and V,(U"?) from (4.10), we calculate:
Oaq(L) = Vo(L)—(d—=1)(a+q )¢° = 3¢° +2¢—Tq " +4q7° —6q7° +4¢~" =3¢~ +2¢7 ")
Hd-1)(d=2)(g+q g +a+q7°—q7)
which in turn is equal to:
V(L) = (d=1)(g+q g™ " (4" = 3¢ +2¢"* = 5¢"° + 6¢° — 4¢° + 4¢" — 5¢> +2 - d(¢" + ¢* + ¢° — ¢%)) .
This coincides with the value that we found in Example 4.16 for Ep = 1/d.

Remark 4.22. It is obvious from the examples that, as the number of components becomes larger, the
algebraic definition of 64 4 directly from the Markov trace (or traces) on FTLg ,(g) is more efficient compu-
tationally than its combinatorial definition with the use of Formula (4.9).
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