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o !
Vanig) & @& Moty (#9168 . .. @ Ry m=
li‘-i-.‘.-l»‘_\d:n i-‘!l”

p=n

~» Formule similor o the one 53 Lickorish
by C Pouvla;n d’ Andecy - Wogner , 2018 3

The invoriont for clossical knots oand Uinks orising Prom YTlag,n (9"
is equivalent to the Jones polynemial.
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hos the some Jones polgnomiaﬁ as +the disjoint union of 3 unkets
(1 e Bs). However , the D-invariant distinguishes the «wo LC., 20137
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A skein relotion for the Khovanov homology

The invoriant 9 con be defined os $ollows :

- Skein relotion o the Toenes polynomial  on mixed crossings
r \-r r

-9 (DK) = E P(u‘w\
=4 t=

X D
X DU X

Lemmo. L €. - Goundorewllis - Kenjogeorgis - Lambropouloy , 20214 J

1)+

3 exoct sequence

6 —> CUEIB(DE) = WD) — CHU (D) — CHHDE) — o
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The Khovanov polynomial satisPies the Seneralised skein relodion

7' X" Kh(D*) = %2 kh(D™) = (+'x' -+x ) kh(D¥) + C(DI, D, D)

where

C (D, DD = (241)x Kh (E2 (DE*P)) = (4141~ Kh( Ee (D))

where

Kh(E2(D)) = X +xI dim (Eg (D))
4y

Remark: For t=-1 , C(D:,D,D*) =0 and we get the skein relotion
of the Jones polynomial .

Exomple: DT = Hop# link

D™ = 2 unknots C(d:,D,D*) =0
Dt = unknhot




2.5.2. The left-handed trefoil knot. In this example we will study the trefoil knot D~ with three
negative crossings. Then D is the unknot and Dy is the Hopf link. The Khovanov homology
of the three links is given in the following tables:

Ni[0[-2]-3 Ni[-2]0
9 Q \i| 0 0 Q
KH(D™): | -5 Q KH(D*): [ 1 |Q KH(D{): | -2 Q
-3 |Q -1 1 Q -4 | Q
-11Q -6 | Q

From the above tables we compute

1 + 1 4 1 +1

Kh(D") =

Kh(D") =%+q

1 1 1
+) — _

We thus have:

(,5)  KH"*(Dg) KH"*~%(D~) KH"(D") KH“(Dy)
(-2,-3)
(-2,-5)
(-1,-5)
(0,1)
(0"1)
(Oa'3)
(2,3)
(2,1)

co
ce O

(oY sl a)e
ce © O




By looking at the table above, we only need to study the cases where j € {—5,-3,—1,1,3}.

Case j = —5: In the first page, we have the following sequences of Khovanov homology:
0 0
Y Y
0=KH 4 8(Dy) 0=KH 3 8Df
Y Y
0=KH %%(D") E,*°(D7) = Q=KH > D)
Y / Y
0=KH %7%D") 0=KH Y 3(D%)

| /

Q=KH>5(Df) = E,>5"(Dg" 0= KH~~%(Dy)

Y

0 0
The above diagonal morphism fits within the third sequence in (2.5) for i = —1,5 = =5

-3,-9/ -\ ~ ~2,—6 ~ ~2,~6
0 —=E, 7 (D7) =Q—=E, 75 (D§") = Q— E3 75 (Dg%) —=0

whence E;,ig“(pgb) = 0.



Case j = —3: In the first page, we have the following sequences of Khovanov homology:

0 0
A Y
0=KH*5Df) 0=KH 3 %D{f)
\ Y
0=KH4%7(D") E;* (D7) = 0=KH>(D")
A Y
0=KH %73(D") 0=KH b 3(D%)
\ Y
Q= KH>(Dy) = E;2"(Dg") 0=KH "4(Dy)
\ Y
0 0

The above diagonal morphism fits within the third sequence in (2.5) for i = —1,5 = —3

3T ey o 2.4 N 9.4
0—=E, 73 (D7)=20—>E; 75 (D§®) = Q — E; 25 (Df*) —0



whence E; 2:4(Df%) = Q.
We also have the following sequences of Khovanov homology:

0 0
Y i Y
0= KH-3~5(D{) E;*5%(D§Y) = Q=KH-2"%(Df)
Y Y
0=KH"3%"7(D") 0=KH"%-7(D")
| |
0=KHL3(DY) = E;:%Dt) 0= KH%3(D")
| |
0=KH"""*(Dr) 0= KH"4(D{)
l |
0 0

The above diagonal morphism fits within the second sequence in (2.5) for ¢ = 0,7 = —3
-2,—6 -2,~6 - -1,-3 ~
0—n E3,-3 (D(')H) W, (D(')H) =Q— Ez,-s (DY) =0——0

whence E; 28D = Q.



Cases j € {—1,1,3}: In these cases all vertical sequences are exact so the corresponding elements

in the second page are all zero.
0

A

KH>~(D{) = Q

KH-%-;(rD-) ~Q

Y

KH% (D) =Q

Y
KHO2(Df) = Q

KH*(D{) = Q

Y
KH" 3D )=Q

V
KH>(D*) =0

\7’
KH2(D§) =0




There is also a sequence where the Khovanov homology of D~ is equal to 0:

0

Y
KH %72(D§)=0

Y
KH™273(D7) =0

Y
KHO(D+)~Q

We now compute:

1 1
Kh(E2(D(-)H))) = 6 + t2q4

1
= 4 and Kh(Ey(Dj")) = —

t2 q6

and so
C(D§,D™,D%) = (t+1)q (ta*Kn(B(D§")) - Kh(Ex(Dg"))
111
= (t+1)qg (tq4 T 24 t2q4)

tg? —1—¢°
(t+1) ( o .
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L=
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- Sum over oll diagrams with minimod nomber of crossings
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