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Symmetric algebras

@ O is a Noetherian and integrally closed domain.
@ Ais an O-algebra, free and finitely generated as an O-module.

@ K is a field such that the algebra KA := K ®¢ A is split semisimple.

Definition

We say that a linear map t : A — O is a symmetrizing form on A if
@ t is a trace function, i.e., t(ab) = t(ba) for all a, b € A.

@ The morphism % : A — Homp (A, O), a+ (x — t(ax)) is an isomorphism
of A-modules-A.
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Symmetric algebras

@ O is a Noetherian and integrally closed domain.
@ Ais an O-algebra, free and finitely generated as an O-module.

@ K is a field such that the algebra KA := K ®¢ A is split semisimple.

Definition

We say that a linear map t : A — O is a symmetrizing form on A if
@ t is a trace function, i.e., t(ab) = t(ba) for all a, b € A.

@ The morphism % : A — Homp (A, O), a+ (x — t(ax)) is an isomorphism
of A-modules-A.

Example: [fO =7 and A=Z[G] (G a finite group), we can define the
following symmetrizing form (“canonical”) on A

t:Z[G] — Z, Z agg — ar.
geG
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Theorem (Geck) - Definition
© We have

t= Yy =

S
x€lrr(KA) X

where s, is the Schur element of x with respect to t.
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Theorem (Geck) - Definition
© We have

t= Yy =

x€lrr(KA) X
where s, is the Schur element of x with respect to t.
@ The Schur element s, belongs to the integral closure Ok of O in K.

© Let L be a field such that LA is split. If 8 : Ox — L is a ring homomorphism,
then LA is semisimple if and only if 6(s, ) # 0 for all x € Irr(KA)

@ The blocks of A are the parts B of Irr(KA) minimal for the property:
M €O, VaeA.

s
xeB X

.

Example: IfO =Z, A=Z[G] (G a finite group) and t is the canonical form on
A, we have s, = |G|/x(1).
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Generic Hecke algebras
@ Every complex reflection group W has a nice “presentation a la Coxeter” :

» G, =< s,t|ststst = tststs, s> = t> =1 >

> Gy =<s,t|sts=tst,sS=t3=1>
and a field of realization K: K¢, = Q, K¢, = Q((3).

@ Following Bessis’ theorem, the braid group associated to W has a
presentation of the form:

» B(G) =<S,T|STSTST = TSTSTS >

» B(Gy) =< S, T|STS=TST >
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@ We choose a set of indeterminates

u = (Us)s,0<j<o(s)-1

where s runs over the set of generators of W and o(s) denotes the order of
s (if s and t are conjugate in W, then us; = v, for all j).
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where s runs over the set of generators of W and o(s) denotes the order of
s (if s and t are conjugate in W, then us; = v, for all j).

@ The associated generic Hecke algebra H(W!) is an algebra over the Laurent
polynomial ring Z[u,u~!] and has a presentation of the form:
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@ We choose a set of indeterminates

u= (Us,j)s,OSjgo(s)fl
where s runs over the set of generators of W and o(s) denotes the order of
s (if s and t are conjugate in W, then us; = v, for all j).
@ The associated generic Hecke algebra H(W!) is an algebra over the Laurent

polynomial ring Z[u,u~!] and has a presentation of the form:

H(G>) =< S, T| STSTST = TSTSTS, (S — uo)(S — u) =0,
(T —wo)(T —w1)=0>.

Maria Chlouveraki (EPFL) Blocks of Hecke algebras September 18, 2008 5/12
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@ The associated generic Hecke algebra H(W) is an algebra over the Laurent
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@ We choose a set of indeterminates

u= (us,j)s,OSjgo(s)fl
where s runs over the set of generators of W and o(s) denotes the order of
s (if s and t are conjugate in W, then us; = v, for all j).
@ The associated generic Hecke algebra H(W) is an algebra over the Laurent

polynomial ring Z[u,u~!] and has a presentation of the form:

H(Gy) =< S, T|STSTST = TSTSTS, (S — uo)(S — u1) =0,
(T— Wo)(T—Wl):O>.

H(Gy) =< S, T|STS = TST, (S—u)(S—u1)(S—w) =0,
(T —uo)(T —un)(T =) =0>.

Remark: The specialization v ; — ({;(S) sends H(W) to ZxW.
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@ The algebra H is a free Z[u,u=1]-module of rank |W/|.
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@ The algebra H is a free Z[u,u=1]-module of rank |W/|.

@ There exists a unique linear form t : H — Z[u,u~!] such that

> tis a symmetrizing form on H.
> Via usj — Cé(s), the form t becomes the canonical form on ZxW.
> t satisfies some other condition.

Theorem (Malle)

Let v = (vsj)s,; be a set of indeterminates such that, for all s,j, we have

(K. =i,
Vsy "= So(s) s>

where p(K) is the group of all the roots of unity in K. Then the K(v)-algebra
K(v)H is split semisimple.
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Ir(K(v)H) < Irr(W)
Xv =

By “Tits' deformation theorem"”, the specialization v; j +— 1 induces a bijection
X
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By “Tits' deformation theorem"”, the specialization v; j +— 1 induces a bijection

Irr(K(v)H)
Xv

Trr(W)
X

—
—

Theorem - Definition (C.)

Let x € Irr(W). The Schur element s,, is an element of Zk[v,v~!] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
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By “Tits' deformation theorem"”, the specialization v; j +— 1 induces a bijection
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Xv
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—
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Theorem - Definition (C.)

Let x € Irr(W). The Schur element s,, is an element of Zk[v,v~!] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where

@ VW is a K-cyclotomic polynomial in one variable,

@ M is a primitive monomial of degree 0,
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By “Tits' deformation theorem"”, the specialization v; j +— 1 induces a bijection

Irr(K(v)H)
Xv

Trr(W)
X

—
—

Theorem - Definition (C.)

Let x € Irr(W). The Schur element s,, is an element of Zk[v,v~!] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where

@ VW is a K-cyclotomic polynomial in one variable,

® M is a primitive monomial of degree 0, i.e., if M =[], ; v, then
ged(as;) =1and > as;=0.

Maria Chlouveraki (EPFL) Blocks of Hecke algebras September 18, 2008 7/12



By “Tits' deformation theorem"”, the specialization v; j +— 1 induces a bijection

Ir(K(v)H) < Irr(W)
Xv =
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Sxv = [WI[/x(1)

Theorem - Definition (C.)

Let x € Irr(W). The Schur element s,, is an element of Zk[v,v~!] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
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By “Tits' deformation theorem"”, the specialization v; j +— 1 induces a bijection

Ir(K(v)H) < Irr(W)
Xv =

X
Sxv = [WI[/x(1)

Theorem - Definition (C.)

Let x € Irr(W). The Schur element s,, is an element of Zk[v,v~!] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where

@ VW is a K-cyclotomic polynomial in one variable,

® M is a primitive monomial of degree 0, i.e., if M =[], ; v, then
ged(as;) =1and > a:;=0.

If p is a prime ideal of Z such that W(1) € p, then M is called a p-essential
monomial for x.
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By “Tits' deformation theorem"”, the specialization v; j +— 1 induces a bijection

Ir(K(v)H) < Irr(W)
Xv =

X
Sxv = [WI[/x(1)

Theorem - Definition (C.)

Let x € Irr(W). The Schur element s,, is an element of Zk[v,v~!] whose
irreducible factors (in K[v,v~1]) are of the form: W(M)
where

@ VW is a K-cyclotomic polynomial in one variable,

@ M is a primitive monomial of degree 0, i.e., if M =[], ; :’jj then
ged(as;) =1and > a:;=0.

If p is a prime ideal of Z such that W(1) € p, then M is called a p-essential
monomial for xy. We say that M is a p-essential monomial for W/, if there exists
X € Irr(W) such that M is p-essential for .
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Schur elements of G, : XZ := up, X? := —u1, Y3 :=wp, Y= —wy.

2-essential in , 3-essential in

s1= Gg(Xo X ) - Da(YoYT ) - Da(XoYoX 1Y h) - de(Xo YoX 1 YY)

S = 2- X2X52 - D3 (XoYoX 1Y) - 06 (X YaX Y )

Du(x)=x2+1, O3(x)=x2+x+1, Dg(x)=x>—x+1
d4(1) =2 ®5(1) = 3 d6(1) = 1
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v] — Zk[y, y '] of the form:

¢ Vs j— y"™i where ng; € Z for all s and j.
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v] — Zk[y, y '] of the form:

¢ Vs j— y"™i where ng; € Z for all s and j.

The corresponding cyclotomic Hecke algebra Hy is the Zkly,y ']-algebra
obtained as the specialization of the H via the morphism ¢.
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v] — Zk[y, y '] of the form:

¢ Vs j— y"™i where ng; € Z for all s and j.

The corresponding cyclotomic Hecke algebra Hy is the Zkly,y ']-algebra
obtained as the specialization of the H via the morphism ¢.

Example: The “spetsial” Hecke algebra is the algebra obtained via

Vso =y, Vsj—=1forl <j<o(s)—1, foralls.
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Cyclotomic Hecke algebras

Let y be an indeterminate. A cyclotomic specialization of H is a Zk-algebra
morphism ¢ : Zk[v,v~!] — Zk[y,y ] of the form:

¢ Vs j— y"™i where ng; € Z for all s and j.

The corresponding cyclotomic Hecke algebra Hy is the Zkly,y ']-algebra
obtained as the specialization of the H via the morphism ¢.

Example: The “spetsial” Hecke algebra is the algebra obtained via

Vso =y, Vsj—=1forl <j<o(s)—1, foralls.

Proposition (C.)
The algebra K(y)H, is split semisimple.
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By “Tits' deformation theorem”, we obtain that the specialization vs; — 1
induces the following bijections :

Ir(K(V)H) < Iir(K(y)He) < Irr(W)
Xv = Xo = X
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By “Tits' deformation theorem”, we obtain that the specialization vs; — 1

induces the following bijections :

Ir(K(V)H) < Iir(K(y)He) < Irr(W)
Xv = Xo = X

Sk = Sxo = [W/x(1)
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By “Tits' deformation theorem”, we obtain that the specialization vs; — 1
induces the following bijections :

Ir(K(v)H) < LIr(K(y)Hs) < Ir(W)
Xv = Xo = X
Sxv = Sxo = [WI/x(1)

Proposition

The Schur element s, , associated to the irreducible character x4 of K(y)Hy is a
Laurent polynomial in y of the form

Sxs = Yoo " Y0 H P(y)™?,
deCx

where ¢, o € Zk, ay,¢ € Z, ny,s € N and Ck is a set of K-cyclotomic
polynomials.
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Rouquier blocks, p-blocks and p-essential monomials

The Rouquier blocks of the cyclotomic Hecke algebra Hy are the blocks of the
algebra Rk (y)Hy, where

Ri(y) = Zrly.y % (y" — 1);41]
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Rouquier blocks, p-blocks and p-essential monomials

The Rouquier blocks of the cyclotomic Hecke algebra Hy are the blocks of the
algebra Rk (y)Hy, where

Ri(y) = Zrly.y % (y" — 1);41]

Set O := Zk[y,y!]. Two irreducible characters x, v € Irr(K(y)Hg) belong to
the same Rouquier block if and only if there exist a finite sequence

X0s X1, - - -» Xn € Irt(K(y)Hy) and a finite sequence py,. .., p, of prime ideals of
Zk such that

® xo =X and x, =9,
@ forall i (1 <i < n), xi—1 and x; belong to the same block of O,,0Hs.
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o A:=Zklv,v1]

e O:=17Zkly,y ']

@ ¢: A— O is a cyclotomic specialization.
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o A:=Zk[v,v1].
o 0:=7Zkly,y ']
@ ¢: A— O is a cyclotomic specialization.

@ My, ..., My are all the p-essential monomials which are sent to 1 by ¢.
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A= Zg[v,v71].
O = Zgly.y ']

@ ¢: A— O is a cyclotomic specialization.

@ My, ..., My are all the p-essential monomials which are sent to 1 by ¢.

@ qo:=pA.
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o A:=Zk[v,v1].
O = Zgly.y ']

¢ : A— O is a cyclotomic specialization.

@ My, ..., My are all the p-essential monomials which are sent to 1 by ¢.
® qo:=pA
qj =pA+ (M —1)Aforall j (1 <j<k).
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o A:=Zk[v,v1].
O = Zgly.y ']

¢ : A— O is a cyclotomic specialization.

@ My, ..., My are all the p-essential monomials which are sent to 1 by ¢.

@ qo :=pA
@ qj :=pA+ (M —1)Aforall j (1 <)< k).
® Q:={dqo,q1,---,qk}-
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o A:=Zk[v,v1].
O = Zgly.y ']

@ ¢: A— O is a cyclotomic specialization.

@ My, ..., My are all the p-essential monomials which are sent to 1 by ¢.
® o :=pA.

@ g :=pA+ (M —1)Aforall j (1<j<k).

Q = {qu qi, .-, qk}

Theorem (C.)

Two irreducible characters x, v € Irr(W) are in the same block of O,0H, if and
only if there exist a finite sequence xo, X1, - - -, Xn € Irr(W) and a finite sequence
Qjrs- - -» ), € Q such that

® xo = x and x» = ¢,
o forall i (1 <i<n), xi—1 and x; belong to the same block of qu’_H.

v
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