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Blocks

Let O be a Noetherian and integrally closed domain with field of fractions F.
Let A be an O-algebra, free and finitely generated as an O-module.

An idempotent of A is an element e € A such that e = e.
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Blocks

Let O be a Noetherian and integrally closed domain with field of fractions F.
Let A be an O-algebra, free and finitely generated as an O-module.

An idempotent of A is an element e € A such that e?> = e. Two idempotents
e1, & are orthogonal, if e;e; = epe; = 0.
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Blocks

Let O be a Noetherian and integrally closed domain with field of fractions F.
Let A be an O-algebra, free and finitely generated as an O-module.

An idempotent of A is an element e € A such that e?> = e. Two idempotents

e1, e are orthogonal, if e;e; = epe; = 0. An idempotent e is primitive, if e # 0
and e can not be expressed as the sum of two non-zero orthogonal idempotents.
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Blocks

Let O be a Noetherian and integrally closed domain with field of fractions F.
Let A be an O-algebra, free and finitely generated as an O-module.

An idempotent of A is an element e € A such that e?> = e. Two idempotents

e1, e are orthogonal, if e;e; = epe; = 0. An idempotent e is primitive, if e # 0
and e can not be expressed as the sum of two non-zero orthogonal idempotents.

The blocks of A are the primitive idempotents of the center ZA of A. )
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Blocks

Let O be a Noetherian and integrally closed domain with field of fractions F.

Let A be an O-algebra, free and finitely generated as an O-module.
An idempotent of A is an element e € A such that e?> = e. Two idempotents

e1, e are orthogonal, if e;e; = epe; = 0. An idempotent e is primitive, if e # 0
and e can not be expressed as the sum of two non-zero orthogonal idempotents.

The blocks of A are the primitive idempotents of the center ZA of A. J

Suppose that there exists a finite Galois extension K of F such that the algebra
KA = K ®0 A is split semisimple.
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Then there exists a bijection

[d

Iir(KA) < BI(KA)
X

ex
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Then there exists a bijection

Iir(KA) < BI(KA)
X — €x

Proposition

There exists a unique partition BI(A) of Irr(KA) which is minimal
(i.e., the finest) with respect to the property:
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for all B € BI(A), eg:= Y e €A
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Then there exists a bijection

Iir(KA) < BI(KA)
X — €x

Proposition

There exists a unique partition BI(A) of Irr(KA) which is minimal
(i.e., the finest) with respect to the property:

for all B € BI(A), eg:= Y e €A
XEB

In particular, the set {eg}geni(a) is the set of all the blocks of A.
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Then there exists a bijection

Iir(KA) < BI(KA)
X — €x

Proposition

There exists a unique partition BI(A) of Irr(KA) which is minimal
(i.e., the finest) with respect to the property:

for all B € BI(A), eg:= Y e €A
XEB

In particular, the set {eg}geni(a) is the set of all the blocks of A.

If x € B for B € BI(A), we say that “x belongs to the block eg”.
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Symmetric algebras

symmetric algebra if

We say that a linear form t : A — O is a symmetrizing form on A and that A is a
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Symmetric algebras

We say that a linear form t : A — O is a symmetrizing form on A and that A is a
symmetric algebra if

@ tis a trace function, i.e., t(ad’) = t(a’a) for all a,a’ € A, and

Maria Chlouveraki (EPFL) Blocks and families for cyc. Hecke algebras May 7, 2009 4/25



Symmetric algebras

We say that a linear form t : A — O is a symmetrizing form on A and that A is a

symmetric algebra if
@ tis a trace function, i.e., t(aa') = t(a’a) for all a,a’ € A, and

@ the map
t: A — Homp(AO0)
a — (x+—t(ax))

is an isomorphism of A-bimodules.
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Symmetric algebras

We say that a linear form t : A — O is a symmetrizing form on A and that A is a
symmetric algebra if

@ tis a trace function, i.e., t(ad’) = t(a'a) for all a,a’ € A, and

@ the map
t: A — Homp(A O)
a — (x+—t(ax))

is an isomorphism of A-bimodules.

A trace function t : A — O is symmetrizing if and only if there exist two bases
(e1,...,€n) and (e, .., e,) of Aover O such that t(eiej) = Jj.
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Theorem (Geck)
Suppose that KA is a split semisimple algebra like before.
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Theorem (Geck)
Suppose that KA is a split semisimple algebra like before.

@ We have 1
t= Z - X

s
x€Irr(KA) X

where s, is the Schur element of x with respect to t.
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@ We have 1
t= Z - X

s
x€Irr(KA) X

where s, is the Schur element of x with respect to t. The Schur element s,
belongs to the integral closure of O in K.
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Theorem (Geck)
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@ We have 1
t= Z - X

s
x€Irr(KA) X

where s, is the Schur element of x with respect to t. The Schur element s,
belongs to the integral closure of O in K.

@ For all x € Irr(KA), we have e, = é S x(eel.
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Theorem (Geck)
Suppose that KA is a split semisimple algebra like before.

@ We have 1
t= Z - X

s
x€Irr(KA) X

where s, is the Schur element of x with respect to t. The Schur element s,
belongs to the integral closure of O in K.

@ For all x € Irr(KA), we have e, = é S x(eel.

The blocks of A are the non-empty subsets B of Irr(KA) which are minimal with
respect to the property:

Z@eo, for all a € A.

S
XEB X
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Example: If O =7 and A=ZG (G a finite group), we can define the following
symmetrizing form (“canonical symmetrizing form”) on A

t:Z[G] — Z, Z agg — ai.
geG
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Example: If O =7 and A=ZG (G a finite group), we can define the following
symmetrizing form (“canonical symmetrizing form”) on A

t:Z[G] — Z, Z agg — ai.
geG

The set (g)gec is a basis of A over O. Its dual basis is (g7!)zec-
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Example: If O =7 and A=ZG (G a finite group), we can define the following
symmetrizing form (“canonical symmetrizing form”) on A

t:Z[G] — Z, Z agg — ai.
geG

The set (g)gec is a basis of A over O. Its dual basis is (g7!)zec-
For all x € Irr(G), we have

. _ sl
X x(@@)’
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Real reflection groups

Let V be a finite dimensional Euclidean vector space.

A reflection is an element of GL(V) which maps a vector of V to its opposite,
while fixing the hyperplane orthogonal to it.
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Real reflection groups

Let V be a finite dimensional Euclidean vector space.

A reflection is an element of GL(V) which maps a vector of V to its opposite,
while fixing the hyperplane orthogonal to it.

A finite subgroup of GL(V) generated by reflections is a real reflection group.
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Real reflection groups

Let V be a finite dimensional Euclidean vector space.

A reflection is an element of GL(V) which maps a vector of V to its opposite,
while fixing the hyperplane orthogonal to it.

A finite subgroup of GL(V) generated by reflections is a real reflection group.

A finite group W is a real reflection group if and only if W is a Coxeter group. I

Maria Chlouveraki (EPFL) Blocks and families for cyc. Hecke algebras May 7, 2009 7 /25



Hecke algebras

Let (W,S) be a finite Coxeter system. Then W has a presentation of the form:

W = (S| ststst.. =tststs..,, s°=1 Vs, tcS)
m(s,t) m(s,t)
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Hecke algebras

Let (W,S) be a finite Coxeter system. Then W has a presentation of the form:

W = (S| ststst.. =tststs..,, s°=1 Vs, tcS)
L ===
m(s,t) m(s,t)
If m(s,t) € {2,3,4,6} for all s £t € S, then W is a Weyl group. J
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Hecke algebras

Let (W, S) be a finite Coxeter system. Then W has a presentation of the form:

W = (S| ststst.. =tststs..,, s°=1 Vs, tcS)
L ===
m(s,t) m(s,t)
If m(s,t) € {2,3,4,6} for all s £t € S, then W is a Weyl group. )

The generic Hecke algebra H(W) of W is defined over the Laurent polynomial
ring Z[u,u™!], where u = (us 0, Us1)scs is a set of indeterminates, and has a
presentation of the form:

HW) = ((Ts)ses| TsTtTs...=TeTsTe..., (Ts—UE,o)(Ts+u§71) =0,Vs,teS)

m(s,t) m(s,t)
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Hecke algebras

Let (W, S) be a finite Coxeter system. Then W has a presentation of the form:

W = (S| ststst.. =tststs..,, s°=1 Vs, tcS)
L ===
m(s,t) m(s,t)
If m(s,t) € {2,3,4,6} for all s £t € S, then W is a Weyl group. )

The generic Hecke algebra H(W) of W is defined over the Laurent polynomial
ring Z[u,u™!], where u = (us 0, Us1)scs is a set of indeterminates, and has a
presentation of the form:

H(W) - <(TS)SES| TsTiTs...= T TsT; ..., (Ts—UE,o)(Ts+u§71) =0,Vs, te 5>

m(s,t) m(s,t)

We also ask that us; = u; j whenever s and t are conjugate in W.
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Examples:

Gy = ( s, t| ststst = tststs, s> =t>=1)

&) = ( TuT.

TsTthTthTt = TthTthTth, >
(Ts = B)(Ts+uf) = (Te =g )(Te +v§) =0
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Examples:

Gy = ( s, t| ststst = tststs, s> =t>=1)

&) = ( TuT.

TsTthTthTt = TthTthTth, >
(Ts = B)(Ts+uf) = (Te =g )(Te +v§) =0

SiSi+15i = Si+15iSi+1;
Sn={ s1,%,...,5—1 | sisg=sjs; if |[i—j|>1,
s?=1
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Examples:

Gy = ( s, t| ststst = tststs, s> =t>=1)

&) = ( TuT.

T T T T TsTe = T, T, T, T, T, Ts, >
(Te = wg)(Te + ) = (Te = §)(Te + ) =0

SiSi+15i = Si+15iSi+1;
Sn={ s1,%,...,5—1 | sisg=sjs; if |[i—j|>1,

s?=1

TiTiaTi=Ti 1 TiTiga,
'H(G,,):<T1,T2,...,T,,_1 T;T,=T;T; if|i—j\>17 >
(Ti—w@g)(Ti+u)=0
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basis (Tw)wew)-

We have seen that H(W) is a free Z[u,u~!]-module of rank |W/| (with standard
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We have seen that H(W) is a free Z[u,u~!]-module of rank |W/| (with standard
basis (Tw)wew). The linear map t : H(W) — Z[u,u™!] defined by

t(T1) =1and t(T,) =0 forall we W\ {1}

is a canonical symmetrizing form on H(W).
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We have seen that H(W) is a free Z[u,u~!]-module of rank |W/| (with standard
basis (Tw)wew). The linear map t : H(W) — Z[u,u™!] defined by

t(T1) =1and t(T,) =0 forall we W\ {1}

is a canonical symmetrizing form on H(W).

Moreover, the algebra Q(u)H(W) is split semisimple. By “Tits" deformation
theorem”, the specialization us; + 1 induces a bijection

IrrQ(u)H(W)) < TIrr(W)
Xu = X
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We have seen that H(W) is a free Z[u,u~!]-module of rank |W/| (with standard
basis (Tw)wew). The linear map t : H(W) — Z[u,u™!] defined by

t(T1) =1and t(T,) =0 forall we W\ {1}

is a canonical symmetrizing form on H(W).

Moreover, the algebra Q(u)H(W) is split semisimple. By “Tits" deformation

theorem”, the specialization us; + 1 induces a bijection

We have

Maria Chlouveraki (EPFL)

IrrQ(u)H(W)) < TIrr(W)
Xu = X

t= Z ixu.

S
xETrr(W) ~Xu
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Let g be an indeterminate. A cyclotomic specialization of H(W) is a Z-algebra
morphism ¢ : Z[u,u™1] — Z[q, g~!] of the form:

@ usj— q™i, where n,; € Z for all s and j.
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Let g be an indeterminate. A cyclotomic specialization of H(W) is a Z-algebra
morphism ¢ : Z[u,u™1] — Z[q, g~!] of the form:

@ usj— q™i, where n,; € Z for all s and j.

The corresponding cyclotomic Hecke algebra ‘H,, is the Z[q, g~*]-algebra
obtained as the specialization of the H(W) via the morphism ¢.
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Let g be an indeterminate. A cyclotomic specialization of H(W) is a Z-algebra
morphism ¢ : Z[u,u™1] — Z[q, g~!] of the form:

@ usj— q™i, where n,; € Z for all s and j.

The corresponding cyclotomic Hecke algebra ‘H,, is the Z[q, g~*]-algebra
obtained as the specialization of the H(W) via the morphism ¢. The
specialization t, of t via ¢ is a symmetrizing form on H,,.
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Let g be an indeterminate. A cyclotomic specialization of H(W) is a Z-algebra
morphism ¢ : Z[u,u™1] — Z[q, g~!] of the form:

@ usj— q™i, where ns; € Z for all s and j.

The corresponding cyclotomic Hecke algebra ‘H,, is the Z[q, g~*]-algebra
obtained as the specialization of the H(W) via the morphism ¢. The
specialization t, of t via ¢ is a symmetrizing form on H,,.

Example: The classical lwahori-Hecke algebra of W is the algebra obtained via

Uso— ¢, Us1— 1) Vse S
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Let g be an indeterminate. A cyclotomic specialization of H(W) is a Z-algebra
morphism ¢ : Z[u,u™1] — Z[q, g~!] of the form:

@ usj— q™i, where ns; € Z for all s and j.

The corresponding cyclotomic Hecke algebra ‘H,, is the Z[q, g~*]-algebra
obtained as the specialization of the H(W) via the morphism ¢. The
specialization t, of t via ¢ is a symmetrizing form on H,,.

Example: The classical lwahori-Hecke algebra of W is the algebra obtained via
Uspr—¢q, Us1— 1, Vse€ S

By “Tits’ deformation theorem”, we obtain that the specialization v, ; — 1
induces the following bijections:

Ir(Q(u)H(W)) <« TIrr(Q(q)H,) Irr(W)

s
Xu — Xop — X
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Let g be an indeterminate. A cyclotomic specialization of H(W) is a Z-algebra
morphism ¢ : Z[u,u™1] — Z[q, g~!] of the form:

@ usj— q™i, where ns; € Z for all s and j.

The corresponding cyclotomic Hecke algebra ‘H,, is the Z[q, g~*]-algebra
obtained as the specialization of the H(W) via the morphism ¢. The
specialization t, of t via ¢ is a symmetrizing form on H,,.

Example: The classical lwahori-Hecke algebra of W is the algebra obtained via

Uso— ¢, Us1— 1) Vse S

By “Tits’ deformation theorem”, we obtain that the specialization v, ; — 1
induces the following bijections:

Ir(Qu)H(W)) « Irr(Q(q)Hy,) < Irr(W)
Xu — Xop — X
Sk = Sxe = [W[/x(1)
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Families of characters and Rouquier blocks

@ The families of characters of a Weyl group W, defined by Lusztig, are a
partition of the set of irreducible characters of W which plays a key-role in
the organization of the families of unipotent characters of the corresponfing
finite reductive group. (cf. [Lusztig, 1984]).
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Families of characters and Rouquier blocks

@ The families of characters of a Weyl group W, defined by Lusztig, are a
partition of the set of irreducible characters of W which plays a key-role in
the organization of the families of unipotent characters of the corresponfing
finite reductive group. (cf. [Lusztig, 1984]).

@ The families of characters are defined with the help of the Kazhdan-Lusztig
basis of the lwahori-Hecke algebra of W. In fact, the families are determined
by the two-sided cells of W. As a consequence, the definition of families can
be applied to all finite Coxeter groups.
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Families of characters and Rouquier blocks

@ The families of characters of a Weyl group W, defined by Lusztig, are a
partition of the set of irreducible characters of W which plays a key-role in
the organization of the families of unipotent characters of the corresponfing
finite reductive group. (cf. [Lusztig, 1984]).

@ The families of characters are defined with the help of the Kazhdan-Lusztig
basis of the lwahori-Hecke algebra of W. In fact, the families are determined
by the two-sided cells of W. As a consequence, the definition of families can
be applied to all finite Coxeter groups.

© More recent results of Gyoja (1996) and Rouquier (1999) have given us a
substitute for the definition of the familles. In particular, Rouquier has
shown that the families of characters of the group W coincide with the
blocks of the classical lwahori-Hecke algebra of W over a suitable coefficient
ring, the Rouquier ring.
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The ring

Ro(q) :=Z[q,q7%, (" — 1),24]
is the Rouquier ring of Q(q).
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The ring

Ro(q) = Z[g.q 71, (¢" — 1),2,]

is the Rouquier ring of Q(q).

Let ¢ be a cyclotomic specialization of H(W). The Rouquier blocks of the
cyclotomic Hecke algebra H,, are the blocks of the algebra Ro(q)H,,,
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The ring

Ro(q) = Z[g.q 71, (¢" — 1),2,]

is the Rouquier ring of Q(q).

Let ¢ be a cyclotomic specialization of H(W). The Rouquier blocks of the
cyclotomic Hecke algebra H,, are the blocks of the algebra Ro(q)H,,,

i.e., the non-empty subsets B of Irr(W/) which are minimal with respect to the
property:

3 Xs“’—(h) € Ro(q), for all h e H,.

XEB X

Maria Chlouveraki (EPFL) Blocks and families for cyc. Hecke algebras May 7, 2009 13 /25



@ The Schur element s,, of xy € Irr(Q(u)H(W)) is an element of Z[u,u™?]

of the form:
Sy = Ex Ny H Vy,i(Myi),
icl,

where

v
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@ The Schur element s,, of xy € Irr(Q(u)H(W)) is an element of Z[u,u™?]

of the form:
Sy = Ex Ny H Vy,i(Myi),
icl,

where

@ ¢ €7, N, is a monomial in Z[u,u™1] and /, is an index set,
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@ The Schur element s,, of xy € Irr(Q(u)H(W)) is an element of Z[u,u™?]

of the form:
Sxa = &Ny H Vy,i(Myi),
icl,
where
@ ¢ €7, N, is a monomial in Z[u,u™1] and /, is an index set,
Q@ (V,,i)ie is a family of Q-cyclotomic polynomials,

v
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@ The Schur element s,, of xy € Irr(Q(u)H(W)) is an element of Z[u,u™?]

of the form:
Sxa = &Ny H Vy,i(Myi),
icly
where
@ ¢ €7, N, is a monomial in Z[u,u™1] and /, is an index set,
Q@ (V,,i)ie is a family of Q-cyclotomic polynomials,
@ (M, i)ies, is a family of degree zero primitive monomials in Z[u,u™1,

v
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@ The Schur element s,, of xy € Irr(Q(u)H(W)) is an element of Z[u,u™?]

of the form:
Sxa = &Ny H Vy,i(Myi),
icly

where

@ ¢ €7, N, is a monomial in Z[u,u™1] and /, is an index set,

Q@ (V,,i)ie is a family of Q-cyclotomic polynomials,

@ (M, i)ies, is a family of degree zero primitive monomials in Z[u,u™1,

e, if My;=Tl,;ug/ then ged(as;) =1and Y, ;as; =0.

SJ'

v
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@ The Schur element s,, of xy € Irr(Q(u)H(W)) is an element of Z[u,u™?]

of the form:
Sxa = &Ny H Vy,i(Myi),
icly

where

@ ¢ €7, N, is a monomial in Z[u,u™1] and /, is an index set,

Q@ (V,,i)ie is a family of Q-cyclotomic polynomials,

© (My,)ier, is a family of degree zero primitive monomials in Z[u,u™?],

e, if My;=Tl,;ug/ then ged(as;) =1and Y, ;as; =0.

Moreover, the monomials (M, ;)ic;, are unique up to inversion.

v
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@ The Schur element s,, of xy € Irr(Q(u)H(W)) is an element of Z[u,u™?]

of the form:
Sxa = &Ny H Wy, i(My,i),
icl,
where
@ ¢ €7, N, is a monomial in Z[u,u™1] and /, is an index set,
Q@ (V,,i)ie is a family of Q-cyclotomic polynomials,

© (My,)ier, is a family of degree zero primitive monomials in Z[u,u™?],
e, if My;=Tl,;ug/ then ged(as;) =1and Y, ;as; =0.

Moreover, the monomials (M, ;)ic;, are unique up to inversion.

@ The Schur element s, of x, € Irr(Q(q)H,,) is of the form:

SXVJ - waanLp H Cb(q),

el

where 1, o, a3y, € Z and Cq is a family of Q-cyclotomic polynomials.
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Determination of the Rouquier blocks

A primitive monomial M =[] ; ujsjrf is essential for W if there exist an

irreducible character x € Irr(W) and a Q-cyclotomic polynomial W such that
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Determination of the Rouquier blocks

A primitive monomial M =[] ; u:sjrf is essential for W if there exist an
irreducible character x € Irr(W) and a Q-cyclotomic polynomial W such that

Q V(M) divides s,,,
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Determination of the Rouquier blocks

A primitive monomial M =[] ; u:sjrf is essential for W if there exist an
irreducible character x € Irr(W) and a Q-cyclotomic polynomial W such that
Q V(M) divides s,,,

Q V(1) ¢ 7",
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Determination of the Rouquier blocks

A primitive monomial M =[] ; ujsjrf is essential for W if there exist an

irreducible character x € Irr(W) and a Q-cyclotomic polynomial W such that
Q V(M) divides s,,,

Q V(1) ¢ 7",

If ¢ : usj— g™ is a cyclotomic specialization, then we have
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Determination of the Rouquier blocks

A primitive monomial M =[] ; ujsjrf is essential for W if there exist an

irreducible character x € Irr(W) and a Q-cyclotomic polynomial W such that
Q V(M) divides s,,,

Q V(1) ¢ 7",

If o :usj— g™ is a cyclotomic specialization, then we have

HM)=1¢e Zas,jms,j =0.

s.J
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Determination of the Rouquier blocks

A primitive monomial M =[] ; ujfjrf is essential for W if there exist an
irreducible character x € Irr(W) and a Q-cyclotomic polynomial W such that
Q V(M) divides s,,,

Q V(1) ¢ 7",

If o :usj— g™ is a cyclotomic specialization, then we have
(M) =1 agims;=0.
s.J

The hyperplane ESJ asjtsj = 0 is an essential hyperplane for W.
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@ If vy : usj — g™ is a cyclotomic specialization such that the integers ng ;
belong to no essential hyperplane for W, then the Rouquier blocks of ‘H,,
are called Rouquier blocks associated with no essential hyperplane.
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@ If vy : usj — g™ is a cyclotomic specialization such that the integers ng ;
belong to no essential hyperplane for W, then the Rouquier blocks of ‘H,,
are called Rouquier blocks associated with no essential hyperplane.

@ If py 1 usj— q™ is a cyclotomic specialization such that the integers n; ;
belong to a unique essential hyperplane H, then the Rouquier blocks of H,,,
are called Rouquier blocks associated with the essential hyperplane H.
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@ If ¢y : usj— g™ is a cyclotomic specialization such that the integers ns ;
belong to no essential hyperplane for W, then the Rouquier blocks of ‘H,,
are called Rouquier blocks associated with no essential hyperplane.

@ If py 1 usj— q™ is a cyclotomic specialization such that the integers n; ;
belong to a unique essential hyperplane H, then the Rouquier blocks of H,,,
are called Rouquier blocks associated with the essential hyperplane H.

Theorem (C.)

Let ¢ : usj — g™ be a cyclotomic specialization of H(W).
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@ If ¢y : usj— g™ is a cyclotomic specialization such that the integers ns ;
belong to no essential hyperplane for W, then the Rouquier blocks of ‘H,,
are called Rouquier blocks associated with no essential hyperplane.

@ If py 1 usj— q™ is a cyclotomic specialization such that the integers n; ;
belong to a unique essential hyperplane H, then the Rouquier blocks of H,,,
are called Rouquier blocks associated with the essential hyperplane H.

Theorem (C.)

Let ¢ : usj — " be a cyclotomic specialization of H(W). The Rouquier blocks
of H, are:

Maria Chlouveraki (EPFL) Blocks and families for cyc. Hecke algebras May 7, 2009 16 / 25



@ If ¢y : usj— g™ is a cyclotomic specialization such that the integers ns ;
belong to no essential hyperplane for W, then the Rouquier blocks of ‘H,,
are called Rouquier blocks associated with no essential hyperplane.

@ If py 1 usj— q™ is a cyclotomic specialization such that the integers n; ;
belong to a unique essential hyperplane H, then the Rouquier blocks of H,,,
are called Rouquier blocks associated with the essential hyperplane H.

Theorem (C.)

Let ¢ : usj — " be a cyclotomic specialization of H(W). The Rouquier blocks
of H, are:

@ unions of the Rouquier blocks associated with the essential hyperplanes to
which the integers ns ; belong,
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@ If ¢y : usj— g™ is a cyclotomic specialization such that the integers ns ;
belong to no essential hyperplane for W, then the Rouquier blocks of ‘H,,
are called Rouquier blocks associated with no essential hyperplane.

@ If py 1 usj— q™ is a cyclotomic specialization such that the integers n; ;
belong to a unique essential hyperplane H, then the Rouquier blocks of H,,,
are called Rouquier blocks associated with the essential hyperplane H.

Theorem (C.)

Let ¢ : usj — " be a cyclotomic specialization of H(W). The Rouquier blocks
of H, are:

@ unions of the Rouquier blocks associated with the essential hyperplanes to
which the integers ns ; belong,

@ minimal with respect to property 1.
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Examples:

H(Go) = < T T,

TsTthTthTt = TthTthTtT57 >
(Ts = B)(Ts +uf) = (Te = §)(Te +vf) = 0

Maria Chlouveraki (EPFL)
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Examples:

H(Go) = < T. T,

TsTthTthTt = TthTthTtT57 >
(Ts = B)(Ts +uf) = (Te = §)(Te +vf) = 0

We denote the characters of Gy by: Xx1,0, X1,6) X1,3, X1,375 X2,1, X2,2-
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Examples:

H(Go) = < T. T,

TsTthTthTt = TthTthTtT57 >
(Ts = B)(Ts +uf) = (Te = §)(Te +vf) = 0

We denote the characters of Gy by: Xx1,0, X1,6) X1,3, X1,375 X2,1, X2,2-

Schur elements of G, (essential in green):
51 = ¢4(uouf1) . d>4(v0vfl) . ¢3(u0uf1v0vf1) . CD(,(uoul_lvovl_l)

S = 2. u%u(;z . d>3(u0uf1vovfl) . ¢5(u0uf1v(;1v1)
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Examples:

TsTthTthTt = TthTthTtT57 >

H(Gz)=< ToTe | (T, = @) (To+ ) = (T — @)(Te +v2) = 0

We denote the characters of Gz by: Xx1.0, X1,6, X1,35 X1,37, X2,1, X2,2-

Schur elements of G, (essential in green):
s1 = Pg(uouyt) - Da(vovy t) - 3(uous tvovy t) - oy Tvovyt)

S = 2. ufu&z . <D3(uouflvovfl) . ¢6(u0uf1v(;1v1)

Let o : g — @™, uy — @™, vo — g™, vy — g™ be a cyclotomic specialization.
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Examples:

TeTeTsTeTs Ty = TeTsTe Ts T T, >

H(Gz):< T Tl (T @)(Te+ ) = (Te — B)(Te + vB) = 0

We denote the characters of Gz by: Xx1.0, X1,6, X1,35 X1,37, X2,1, X2,2-

Schur elements of G, (essential in green):
s1 = Pg(uouyt) - Da(vovy t) - 3(uous tvovy t) - oy Tvovyt)

S = 2. ufuaz . ¢3(uouf1vovfl) . ¢5(u0uf1v(;1v1)

Let o : g — @™, uy — @™, vo — g™, vy — g™ be a cyclotomic specialization.

The essential hyperplanes for G, are:

Mo = My, No = Ny, Mg — My = No — Ny, Mg — My = Ny — Np.
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Essential Hyperplane H

BRu(G2)
0 (x1.0), (x16), (x1.3), (X1.37), (X2.1, X2.2)
My = My (x1,00x1,3): (X1,6>X1,37), (X2,1,X2,2),
No = N, (x1,0,x1,37), (X1,6, X1,3), (X2,1, X2,2),
Mo — My = Ny — N

Mo — My = Ng — Ny

)
(X1,3'), (X173“), (X1,07X1,67X2,1,X2,2)
(Xl,o), (X1,6): (X1,31,X1,3~,X2,1,X2,2)

Maria Chlouveraki (EPFL)
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Essential Hyperplane H BRu(G2)
0 (x1,0), (x1.6), (x1,3), (x1,37), (x2,1, x2,2)
My = My (x1,00x1,3): (X1,6>X1,37), (X2,1,X2,2),
No = Ny (x1,05x1,37), (X160 X1,3), (X2,1, X2,2),
My — My = Ny — Ny (x1,3), (x1.37), (X1,0,X1,6> X2,1, X2,2)
Mo — My = Ng — Ny (x1,0), (x1,6), (x1,3> X1,37» X2,1, X2,2)

Let us take mg :=1, m; :=0, ng := 1 and n; := 0.
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Essential Hyperplane H

BRu(G2)

0 (Xl,o). (Xl,ﬁ)v (X1,3'): (X1,3~)v (X2,1,X2,2)
My = My (x1,00x1,3): (X1,6>X1,37), (X2,1,X2,2),
No = N, (x1,0,x1,37), (X1,6, X1,3), (X2,1, X2,2),
Mo — My = Ny — N

Mo — My = Ng — Ny

)
(X1,3'), (X173"), (X1707X1767X2,1,X2,2)
(Xl,o), (X1,6): (X1,31,X1,3~,X2,1,X2,2)

Let us take mg :=1, m; :=0, np := 1 and n; := 0. These integers belong only to
the essential hyperplane My — My = Ny — Nj.
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Essential Hyperplane H

BRu(G2)

0 (Xl,o). (Xl,ﬁ)v (X1,3'): (X1,3~)v (X2,1,X2,2)
My = My (x1,00x1,3): (X1,6>X1,37), (X2,1,X2,2),
No = N, (x1,0,x1,37), (X1,6, X1,3), (X2,1, X2,2),
Mo — My = Ny — N

Mo — My = Ng — Ny

)
(X1,3'), (X173~)y (X1707X1767X2,1,X2,2)
(Xl,o), (X1,6): (X1,31,X1,3~,X2,1,X2,2)

Let us take mg :=1, m; :=0, np := 1 and n; := 0. These integers belong only to
the essential hyperplane My — My = Ny — Ny. Therefore, the Rouquier blocks of

H(Gy),, are:

(x1,0), (x1,6), (X135 X1,37, X2,1, X2,2)-
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H(G,) = < Ti, Toyo ooy Tha

TiTiaTi=Ti 1 TiTiga,
TiT;=T;T; if [i —j| > 1,
(Ti—wg)(Ti+uf)=0

Maria Chlouveraki (EPFL)
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TiTiaTi=Ti 1 TiTiga,
H(G,,):<T1,T2,...,T,,_1 ;T =T;T; if|i—j\>17 >
(Ti —w)(Ti+uf)=0

Let ¢ : up — g™, uy — g™ be a cyclotomic specialization of H(&,).
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TiTiaTi=Ti 1 TiTiga,
H(G,,):<T1,T2,...,T,,_1 ;T =T;T; if|i—j\>17 >
(Ti—wg)(Ti+uf)=0

Let ¢ : ugp — g™, u; — g™ be a cyclotomic specialization of H(&,).
The hyperplane My = M; is the unique essential hyperplane for G,,.
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TiTiaTi=Ti 1 TiTiga,
H(G,,)I<T1,T2,...,T,,_1 ;T =T;T; if|i—j\>17 >
(Ti—wg)(Ti+uf)=0

Let ¢ : ugp — g™, u; — g™ be a cyclotomic specialization of H(&,).
The hyperplane My = M; is the unique essential hyperplane for G,,.

Essential Hyperplane H BRu(6,)
0 All characters alone
My = My All characters together
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Complex reflection groups
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Complex reflection groups

Let V be a finite dimensional vector space over C.
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Complex reflection groups

Let V be a finite dimensional vector space over C.

A pseudo-reflection is an element of GL(V/) of finite order which fixes a
hyperplane pointwise.
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Complex reflection groups

Let V be a finite dimensional vector space over C.

A pseudo-reflection is an element of GL(V/) of finite order which fixes a
hyperplane pointwise.

A finite subgroup of GL(V) generated by pseudo-reflections is a complex
reflection group.
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Complex reflection groups

Let V be a finite dimensional vector space over C.

A pseudo-reflection is an element of GL(V/) of finite order which fixes a
hyperplane pointwise.

A finite subgroup of GL(V/) generated by pseudo-reflections is a complex
reflection group.

Theorem (Shephard, Todd)

Let W be an irreducible complex reflection group. Then W is isomorphic to
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Complex reflection groups

Let V be a finite dimensional vector space over C.

A pseudo-reflection is an element of GL(V/) of finite order which fixes a
hyperplane pointwise.

A finite subgroup of GL(V/) generated by pseudo-reflections is a complex
reflection group.

Theorem (Shephard, Todd)

Let W be an irreducible complex reflection group. Then W is isomorphic to

@ either the group G(de, e, r), where d, e, r € Z™,
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Complex reflection groups

Let V be a finite dimensional vector space over C.

A pseudo-reflection is an element of GL(V/) of finite order which fixes a
hyperplane pointwise.

A finite subgroup of GL(V/) generated by pseudo-reflections is a complex
reflection group.

Theorem (Shephard, Todd)

Let W be an irreducible complex reflection group. Then W is isomorphic to
@ either the group G(de, e, r), where d, e, r € Z™,

@ or one of the exceptional groups G, (n=4,...,37).

Maria Chlouveraki (EPFL) Blocks and families for cyc. Hecke algebras May 7, 2009 20 / 25



@ The complex reflection groups and their associated cyclotomic Hecke
algebras appear naturally in the classification of the “cyclotomic
Harish-Chandra series” of the characters of the finite reductive groups,
generalizing the role of the Weyl group and its traditional Hecke algebra in
the principal series (cf. [Broué, Malle, Michel, 1993], [Broué, Malle, 1993]).
Since the families of characters of the Weyl group play an essential role in
the definition of the families of unipotent characters of the corresponding
finite reductive group, we can hope that the families of characters of the
cyclotomic Hecke algebras play a key role in the organization of families of
unipotent characters more generally.
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@ The complex reflection groups and their associated cyclotomic Hecke
algebras appear naturally in the classification of the “cyclotomic
Harish-Chandra series” of the characters of the finite reductive groups,
generalizing the role of the Weyl group and its traditional Hecke algebra in
the principal series (cf. [Broué, Malle, Michel, 1993], [Broué, Malle, 1993]).
Since the families of characters of the Weyl group play an essential role in
the definition of the families of unipotent characters of the corresponding
finite reductive group, we can hope that the families of characters of the
cyclotomic Hecke algebras play a key role in the organization of families of
unipotent characters more generally.

@ For some complex reflection groups (non-Coxeter), some data have been
gathered which seem to indicate that behind the group W, there exists
another mysterious object — the Spets — that could play the role of the
“series of finite reductive groups with Weyl group W" (cf. [Broué, Malle,
Michel, 1999]). In some cases, one can define the unipotent characters of
the Spets, which are controlled by the “spetsial” Hecke algebra of W, a
generalization of the classical lwahori-Hecke algebra of the Weyl groups.
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Assumptions (verified for all but a finite number of cases)
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Assumptions (verified for all but a finite number of cases)

Let W be a complex reflection group. Then the following hold:
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Assumptions (verified for all but a finite number of cases)

Let W be a complex reflection group. Then the following hold:
@ The generic Hecke algebra H(W) is a free Z[u,u=!]-module of rank |W/|.
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Assumptions (verified for all but a finite number of cases)

Let W be a complex reflection group. Then the following hold:
@ The generic Hecke algebra H(W) is a free Z[u,u=!]-module of rank |W/|.

@ There exists a canonical symmetrizing form on H(W).
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The example of G4

Gy=(st|sts=tst, s*=t>=1)
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The example of Gy

Gy=(st|sts=tst, s*=t>=1)
TsTth = TthTn
H(Gy) = < T, T: (Ts—UO)(TS—C3U1)(TS_C32U2):Oa >
(Te — uwo)(Te — Gua)(Te — C32u2) =0

The algebra H(G;) is defined over Z[(3][uo, u1, ta, tg *, ug *, uy '], where
Gz = exp(27i/3).
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The example of Gy

Gy=(st|sts=tst, s*=t>=1)
TsTth = TthTn
H(Gy) = < T, T: (Ts—UO)(TS—C3U1)(TS_C32U2):Oa >
(Te — uwo)(Te — Gua)(Te — C32u2) =0

The algebra H(G;) is defined over Z[(3][uo, u1, ta, tg *, ug *, uy '], where
Gz = exp(27i/3).

We denote the characters of G4 by: X1,0, X1,4, X1.8) X2,5: X235 X2,1, X3,2-
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Schur elements of G, (essential in green):

51,0 = q’2(110111711) : ¢'3(U0Ufll) : ‘jl’é(uoul_l) - Oy (uouy t) - D (uouy ) -
Of (uouy ') - Oo(uguy Tuy )

s21= —CGug tuy - Po(uouy ) - Pg(uouyt) - OF (uouy ) - Ph(uruy ) -
¢2(U0U1U2_2)

S3y2 = ¢2(U62U1U2) . ¢2(U0Uf2U2) . ¢2(U0U1U;2)

v

Ga(x) = x+1, ®5(x) = x =G5, P(x) = x =, PG(x) = x+(F, PG(x) = x+s.
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Schur elements of G, (essential in green):

51,0 = d>2(u0u;11) : ¢'3(U0Uf11) : ‘11’8(“0”1_1) - Oy (uouy t) - D (uouy ) -
Of (uouy ') - Oo(uguy Tuy )

s21= —C3ug tuy - Po(uouy ) - Pg(uouy t) - D (uouy ) - Ph(uruy ) -
¢2(U0U1U2_2)

53,2 = ¢2(U62U1U2) . ¢2(UOU;2U2) . ¢2(U0U1U;2)

v

Ga(x) = x+1, ®5(x) = x =G5, P(x) = x =, PG(x) = x+(F, PG(x) = x+s.

Let 0 : ug — g™, uy — g™, ur — g™ be a cyclotomic specialization of H(Gy).
® aqa-, q, q y p
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Schur elements of G, (essential in green):

si0 = Po(uouy ) - Oy(uou; t) - Dguous ) - Po(uouy ) - O (wouy ) -
& (uouy *) - Oo(uuy Tuy )

1= —CGup '2¢2(U0Ufl) - O (uouy ) - D (uguy 1) - Ph(uyuy ) -
¢2(U0U1U2_)

53,2 = ¢2(U62U1U2) o ¢2(UOU;2U2) o ¢2(UQU1U;2)

v

Ga(x) = x+1, ®5(x) = x =G5, P(x) = x =, PG(x) = x+(F, PG(x) = x+s.

Let ¢ : up — g™, uy — g™, up — g™ be a cyclotomic specialization of H(Gy).
The essential hyperplanes for G, are:

Mo = My, My = Mo, My = My,

2My = My + My, 2My = My + My, 2My, = My + My
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Essential Hyperplane H BRH(Gs)
0 (Xl,o): (X1,4)v (Xl,s): (X2,5)v (X2,3): (Xz,l): (Xs,z)
My = M, (x1,8), (1,0, X1.4,X2,1), (X2,5, X2,3), (X3,2)
My = M, (x1.4), (x1,0, X1.8,X23), (X2.5, X2,1), (x3.2)
My, = M, (x1,0), (X1,4x1.8, X2,5), (X2,3:x2,1), (X3,2)
2My = My + Mo (X1.0, X2.5, X3.2), (x1.4), (X1.8), (Xx2.3), (x2.1)
2My = My + M» (X1,4-X2,3: X3,2), (x1,0), (X1,8), (X25), (X2,1)
2Mo = My + My (X185 X2.1, X3.2), (x1.0), (X1.4), (Xx2.5), (x23)
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Essential Hyperplane H BRH(Gs)
0 (Xl,o): (X1,4)v (Xl,s): (X2,5)v (X2,3): (X2,1)v (X3,2)
My = M, (x1,8), (1,0, X1.4,X2,1), (X2,5, X2,3), (X3,2)
My = M, (x1.4), (x1,0, X1.8,X23), (X2.5, X2,1), (x3.2)
My, = M, (x1,0), (X1,4x1.8, X2,5), (X2,3:x2,1), (X3,2)
2My = My + Mo (X1.0, X2.5, X3.2), (x1.4), (X1.8), (Xx2.3), (x2.1)
2My = My + M» (X1,4-X2,3: X3,2), (x1,0), (X1,8), (X25), (X2,1)
2Mo = My + My (X185 X2.1, X3.2), (x1.0), (X1.4), (Xx2.5), (x23)

Let us take mg :=1, my :=0 and m, := 0.
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Essential Hyperplane H BRu(Gy)
0 (Xl,o): (X1,4)v (Xl,s): (X2,5)v (Xz,a): (X2,1)v (X3,2)
Mo = My (x1,8), (1,0, X1.4,X2,1), (X2,5, X2,3), (X3,2)
Mo = M, (x1,4), (X1,05x1,8 X2,3), (X2,5, X2,1), (x3,2)
My = M, (x1,0), (X1,4x1.8, X2,5), (X2,3:x2,1), (X3,2)
2My = My + Mo (X1.0, X2.5, X3.2), (x1.4), (X1.8), (Xx2.3), (x2.1)
2My = My + M> (X1.4) X2,3: X3,2), (x1,0), (X1.8), (X2,5), (X2.1)
2Mo = My + My (X185 X2.1, X3.2), (x1.0), (X1.4), (Xx2.5), (x23)

Let us take mg :=1, my := 0 and m, := 0. These integers belong only to the
essential hyperplane My = M.
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Essential Hyperplane H BRu(Gy)
0 (Xl,o): (X1,4)v (Xl,s): (X2,5)v (Xz,a): (X2,1)v (X3,2)
Mo = My (x1,8), (1,0, X1.4,X2,1), (X2,5, X2,3), (X3,2)
Mo = M, (x1,4), (X1,05x1,8 X2,3), (X2,5, X2,1), (x3,2)
My = M, (x1,0), (X1,4x1.8, X2,5), (X2,3:x2,1), (X3,2)
2My = My + Mo (X1.0, X2.5, X3.2), (x1.4), (X1.8), (Xx2.3), (x2.1)
2My = My + M> (X1.4) X2,3: X3,2), (x1,0), (X1.8), (X2,5), (X2.1)
2Mo = My + My (X185 X2.1, X3.2), (x1.0), (X1.4), (Xx2.5), (x23)

Let us take mg :=1, my := 0 and m, := 0. These integers belong only to the

essential hyperplane M; = M,. Therefore, the Rouquier blocks of H(Ga),, are:

(Xl,o), (X1,47X1,87X2,5)1 (X2,37X2,1), (X3,2)-
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