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lwahori-Hecke algebras

Let
e (W,S) be a finite Weyl group,
e u,v: W — Z be class functions on W (write u(w) =: uy,),
@ g be an indeterminate.

The Iwahori-Hecke algebra H of W is generated over A := Z[q, q~!] by

the elements (T )wew, whose multiplication is determined by the
following rules:

TwTw = Ty, if L(ww') = £(w) + £(w').

(Ts — ¢*)(Ts+q*<) =0, foralls € S.
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Let K := Q(q) be the field of fractions of A.
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Let K := Q(q) be the field of fractions of A. Then the algebra
KH=K®aH
is split semisimple. By Tits' deformation theorem, we have a canonical

bijection:
Irr(KH) < Irr(W).
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Let K := Q(q) be the field of fractions of A. Then the algebra
KH=K®asH
is split semisimple. By Tits' deformation theorem, we have a canonical
bijection:
Irr(KH) < Irr(W).
Therefore, if A is an indexing set for Irr(W), i.e.,

Irr(W) = {E} | A e A},
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Let K := Q(q) be the field of fractions of A. Then the algebra
KH=K®aH
is split semisimple. By Tits' deformation theorem, we have a canonical
bijection:
Irr(KH) < Irr(W).
Therefore, if A is an indexing set for Irr(W), i.e.,
Irr(W) = {E} | A e A},

then
Irr(KH) = {V* | A € A}
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The a-function

The linear form t : H — A given by

1, fw=1
t(TW)—{ 0, ifw#l

is a symmetrizing form for the lwahori-Hecke algebra H,
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The a-function

The linear form t : H — A given by

1 ifw=1
t(TW)—{ 0, ifw£l

is a symmetrizing form for the lwahori-Hecke algebra H,
ie., forall h,h' € H,

Q t(hh) =t(H'h),
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The a-function

The linear form t : H — A given by

1, ifw=1
t(TW):{ 0, ifw#l

is a symmetrizing form for the lwahori-Hecke algebra H,
ie., forall h,h' € H,

0 t(hH) = t(Hh),

@ the bilinear form (h, h') — t(hh') is non-degenerate.
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We have

Z 1

s Xv
Velrr(KH) v

where sy € A is the Schur element of the irreducible character xy .
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We have

t= Z in

S
Velrr(KH) v

where sy € A is the Schur element of the irreducible character yy .

Definition

Recall that Trr(KH) = {V* | A € A}. Set sy := sa and

ay := —valuation(sy).
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We have

t= Z in

S
Velrr(KH) v

where sy € A is the Schur element of the irreducible character yy .

Definition

Recall that Trr(KH) = {V* | A € A}. Set sy := sa and

ay := —valuation(sy).

Example: If sy = g 2+ g1 + ¢, then ay = 2.
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The decomposition matrix

Let
0:A=Zq. g1 =L, qg—¢

be a ring homomorphism such that L is the field of fractions of §(A).
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The decomposition matrix

Let
0:A=Zq. g1 =L, qg—¢

be a ring homomorphism such that L is the field of fractions of §(A).

We have a good parametrization for Irr(KH). What about the simple
modules of the specialized algebra LH?
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The decomposition matrix

Let
0:A=Zq. g1 =L, qg—¢

be a ring homomorphism such that L is the field of fractions of §(A).

We have a good parametrization for Irr(KH). What about the simple
modules of the specialized algebra LH?

Assume that LH is split. Let Ro(KH) (resp. Ro(LH)) be the
Grothendieck group of finitely generated K’H-modules (resp.
LH-modules). It is generated by the classes [U] of the simple KH-modules
(resp. LH-modules) U.
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We have a well-defined decomposition map
dp : Ro(KH) — Ro(LH)
such that, for all A € A, we have

(V)= > [V}:MM].

MEelrr(LH)
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We have a well-defined decomposition map
dp : Ro(KH) — Ro(LH)
such that, for all A € A, we have

(V)= > [V}:MM].

Melrr(LH)

The matrix

Dy = ([VA : M])AGA,MGIN(LH)

is called the decomposition matrix associated with 6.
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Basic sets

We say that H admits a canonical basic set B C A with respect to
0 : A— L if and only if the following two conditions are satisfied:
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0 : A— L if and only if the following two conditions are satisfied:

@ For all M € Irr(LH), there exists Ay € B such that
» [VA: M] =1, and
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Basic sets

We say that H admits a canonical basic set B C A with respect to
0 : A— L if and only if the following two conditions are satisfied:

@ For all M € Irr(LH), there exists Ay € B such that
» [VA: M] =1, and
» if [V# 1 M] # 0, then either p = X or a, > ax,,.
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Basic sets

We say that H admits a canonical basic set B C A with respect to
0 : A— L if and only if the following two conditions are satisfied:

@ For all M € Irr(LH), there exists Ay € B such that
» [VA: M] =1, and
» if [V# 1 M] # 0, then either p = X or a, > ax,,.
@ The map
lrr(LH) — B
M =AM

is a bijection.
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If L is a field of characteristic 0, then the existence of canonical basic sets
for all finite Weyl groups has been proved
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If L is a field of characteristic 0, then the existence of canonical basic sets
for all finite Weyl groups has been proved

@ by Geck and Rouquier, when us =a <€ Nand vs =0forall s € S,
@ by Geck and Jacon, when us € N and vs =0 for all s € S.

Theorem (C.-Jacon)

Let L be a field of characteristic 0. The algebra H admits a canonical
basic set with respect to any specialization 6 : A — L.
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If L is a field of characteristic 0, then the existence of canonical basic sets
for all finite Weyl groups has been proved

@ by Geck and Rouquier, when us =a <€ Nand vs =0forall s € S,
@ by Geck and Jacon, when us € N and vs =0 for all s € S.

Theorem (C.-Jacon)

Let L be a field of characteristic 0. The algebra H admits a canonical
basic set with respect to any specialization 6 : A — L.

Idea of the proof: Let s € S. If us > vs, then

(uS - VS7O) - (u57 VS);
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Theorem (C.-Jacon)

Let L be a field of characteristic 0. The algebra H admits a canonical
basic set with respect to any specialization 6 : A — L.
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If L is a field of characteristic 0, then the existence of canonical basic sets
for all finite Weyl groups has been proved

@ by Geck and Rouquier, when us =a <€ Nand vs =0forall s € S,
@ by Geck and Jacon, when us € N and vs =0 for all s € S.

Theorem (C.-Jacon)

Let L be a field of characteristic 0. The algebra H admits a canonical
basic set with respect to any specialization 6 : A — L.

Idea of the proof: Let s € S. If us > vs, then
(us — vs,0) — (us, vs), B— B.
If us < vs, then

(Vs - USaO) - (07 Vs — Us) - (u57 Vs)a
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If L is a field of characteristic 0, then the existence of canonical basic sets
for all finite Weyl groups has been proved

@ by Geck and Rouquier, when us =a <€ Nand vs =0forall s € S,
@ by Geck and Jacon, when us € N and vs =0 for all s € S.

Theorem (C.-Jacon)

Let L be a field of characteristic 0. The algebra H admits a canonical
basic set with respect to any specialization 6 : A — L.

Idea of the proof: Let s € S. If us > vs, then
(us — vs,0) — (us, vs), B— B.
If us < vs, then
(vs = us,0) = (0, vs — us) = (us, vs), B— B° = {e(A)| A € B}

where £ : A — A is a bijection induced on the set of irreducible
representations of KH by the action of the cyclic group Z/27Z.
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An example: Type A

Let W be the symmetric group &, and S the set of transpositions
(i,i+1),fori=1,...,n—1.
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An example: Type A

Let W be the symmetric group &, and S the set of transpositions

(i,i+1),fori=1,...,n—1. All elements of S are conjugate in W.

Hence, the generators of the lwahori-Hecke algebra H of &, satisfy
(Te —¢*)(Ts+q°*) =0, Vs S

for some integers u, v.
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An example: Type A

Let W be the symmetric group &, and S the set of transpositions
(i,i+1),fori=1,...,n—1. All elements of S are conjugate in W.
Hence, the generators of the lwahori-Hecke algebra H of &, satisfy

(Ts —¢®“)NTs+4¢*)=0,Vse S
for some integers u, v.

The indexing set A for Irr(W) is the set

M>XA> o> A >1 and Z)\;:n}

P(n) = {()\1, )\2, ey )\,—)

of partitions of n.

Maria Chlouveraki (Edinburgh) Basic sets for cyclotomic Hecke algebras December 11, 2009 10 / 11



An example: Type A

Let W be the symmetric group &, and S the set of transpositions
(i,i+1),fori=1,...,n—1. All elements of S are conjugate in W.
Hence, the generators of the lwahori-Hecke algebra H of &, satisfy

(Te —¢*)(Ts+q°*) =0, Vs S
for some integers u, v.

The indexing set A for Irr(W) is the set

M>XA>--->)\>1 and ZA —n}

of partitions of n. The bijection € on A induced by the action of Z/27Z is
simply the conjugation of partitions.

P(n) = {()\1, X2, o A
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Proposition (Dipper-James, C.-Jacon)

Let 6 : Z[q,q '] — L be a specialization such that (q)?“~2" is a primitive
root of 1 of order e > 1.
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Proposition (Dipper-James, C.-Jacon)

Let 6 : Z[q,q '] — L be a specialization such that 6(q)%“~2"

root of 1 of order e > 1.

is a primitive

O If u > v, then H admits a canonical basic set B C A with respect to 6
and we have

B= Rege(n)

where the set Reg.(n) of e-regular partitions is defined by

)\:(Al,...,)\,)géRege(n) <— di €N, A;:---:)\;+e_17é0.

v
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Proposition (Dipper-James, C.-Jacon)

Let 6 : Z[q,q '] — L be a specialization such that (q)?“~2" is a primitive
root of 1 of order e > 1.

@ If u > v, then H admits a canonical basic set B C A with respect to 6
and we have

B = Rege(n)
where the set Reg,(n) of e-regular partitions is defined by
A= ()\1,~--,)\r) ¢ Rege(n) <~ dieN \i=---=Xjte1#0.

@ If u < v, then H admits a canonical basic set B C A with respect to 6
and we have

B = Res¢(n)

where the set Rese(n) of e-restricted partitions is defined by

A= (/\1,~-~7>\r) € Rese(n) — VieN, )\ —)\,'+1 < e.

v
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